In these lectures I focus on early universe models which can explain the currently observed structure on large scales. I begin with a survey of inflationary cosmology, the current paradigm for understanding the origin of the universe as we observe it today. I will discuss some progress and problems in inflationary cosmology before moving on to a description of two alternative scenariosthe Matter Bounce and String Gas Cosmology. All early universe models connect to observations via the evolution of cosmological perturbations -a topic which will be discussed in detail in these lectures.
I. INTRODUCTION A. Overview
Observational cosmology is currently in its "Golden Age". A wealth of new observational results are being uncovered. The cosmic microwave background (CMB) has been measured to high precision, the distribution of visible and of dark matter is being mapped out to greater and greater depths. New observational windows to probe the structure of the universe are opening up. To explain these observational results it is necessary to consider processes which happened in the very early universe.
The inflationary scenario [1] (see also [2] [3] [4] ) is the current paradigm for the evolution of the very early universe. Inflation can explain some of the puzzles which the previous paradigm -Standard Big Bang cosmology -could not address. More importantly, however, inflationary cosmology gave rise to the first explanation for the origin of inhomogeneities in the universe based on causal physics [5] (see also [4, 6, 7] )). The theory of structure formation in inflationary cosmology predicted the detailed shape of the angular power spectrum of CMB anisotropies, a prediction which was verified many years later observationally [8] .
In spite of this phenomenological success, inflationary cosmology is not without its conceptual problems. These problems motivate the search for alternative proposals for the evolution of the early universe and for the generation of structure. These alternatives must be consistent with the current observations, and they must make predictions with which they can be observationally distinguished from inflationary cosmology. In these lectures I will discuss two alternative scenarios, the "Matter Bounce" (see e.g. [9] ) and "String Gas Cosmology" [10] .
I begin these lectures with a brief survey of the Standard Big Bang (SBB) model and its problems. Possibly the most important problem is the absence of a structure formation scenario based on causal physics. I will then introduce inflationary cosmology and the two alternatives and show how they address the conceptual problems of the SBB model, in particular how structure is formed in these models.
Since the information about the early universe is encoded in the spectrum of cosmological fluctuations about the expanding background, it is these fluctuations which provide a link between the physics in the very early universe and current cosmological observations. Section 2 is devoted to an overview of the theory of linearized cosmological perturbations, the main technical tool in modern cosmology. The analysis of this section is applicable to all early universe theories. In Section 3 I give an overview of inflationary cosmology, focusing on the basic principles and emphasizing recent progress and conceptual problems.
The conceptual problems of inflationary cosmology motivate the search for alternatives. In Section 4 the "Matter Bounce" alternative is discussed, in Section 5 the "String Gas" alternative.
B. Standard Big Bang Model
Standard Big Bang cosmology is based on three principles. The first is the assumption that space is homogeneous and isotropic on large scales. The second is the assumption that the dynamics of space-time is described by the Einstein field equations. The third basis of the theory is that matter can be described as a superposition of two classical perfect fluids, a radiation fluid with relativistic equation of state and pressure-less (cold) matter.
The first principle of Standard Cosmology implies that the metric takes the following most general form for a homogeneous and isotropic four-dimensional universe
where t is physical time, x denote the three co-moving spatial coordinates (points at rest in an expanding space have constant co-moving coordinates), and the scale factor a(t) is proportional to the radiius of space. For simplicity we have assumed that the universe is spatially flat. The expansion rate H(t) of the universe is given by
where the overdot represents the derivative with respect to time. The cosmological redshift z(t) at time t yields the amount of expansion which space has undergone between the time t and the present time t 0 :
In the case of a homogeneous and isotropic metric (1), the Einstein equations which describe how matter induces curvature of space-time reduce to a set of ordinary differential equations, the Friedmann equations. Written for simplicity in the case of no cosmological constant and no spatial curvature they are
where ρ is the energy density of matter and G is Newton's gravitational constant, and
or equivalentlyρ
where p is the pressure density of matter. The third principle of Standard Cosmology says that the energy density and pressure are the sums of the contributions from cold matter (symbols with subscript "m") and radiation (subscripts "r"): ρ = ρ m + ρ r (7) p = p m + p r with p m = 0 and p r = 1/3ρ r .
The first principle of Standard Cosmology, the homogeneity and isotropy of space on large scales, was initially introduced soleley to simplify the mathematics. However, it is now very well confirmed observationally by the near isotropy of the cosmic microwave background and by the convergence to homogeneity in the distribution of galaxies as the length scale on which the universe is probed increases.
Standard Cosmology rests on three observational pillars. Firstly, it explains Hubble's redshift-distance relationship. Secondly, and most importantly for the theme of these lectures, it predicted the existence and black body nature of the cosmic microwave background (CMB). The argument is as follows. If we consider regular matter and go back in time, the temperature of matter increases. Eventually, it exceeds the ionization temperature of atoms. Before that time, matter was a plasma, and space was permeated by a thermal gas of photons. A gas of photons will thus remain at the current time. The photons last scatter at a time t rec , the "time of recombination" which occurs at a redshift of about 10 3 . After that, the gas of photons remains in a thermal distribution with a temperature T which redshifts as the universe expands, i.e. T ∼ a −1 . The CMB is this remnant gas of photons from the early universe. The precision measurement of the black body nature of the CMB [11] can be viewed as the beginning of the "Golden Age" of observational cosmology. The third observational pillar of Standard Cosmology is the good agreement between the predicted abundances of light elements and the observed ones. This agreement tells us that Standard Cosmology is a very good description of how the universe evolved back to the time of nucleosynthesis. Any modifications to the time evolution of Standard Cosmology must take place before then. At the present time t 0 matter is dominated by the cold pressureless component. Thus, as we go back in time, the universe is (except close to the present time when it appears that a residual cosmological constant is beginning to dominate the cosmological dynamics) initially in a matter-dominated phase during which a(t) ∼ t 2/3 . Since the energy density in cold matter scales as a −3 whereas that of relativistic radiation scales as a −4 , there will be a time before which the energy density in radiation was larger than that of cold matter. The time when the two energy densities are equal is t eq and corresponds to a redshift of around z = 10 4 . For t < t eq the universe is radiation-dominated and a(t) ∼ t 1/2 . As we go back into the past the density and temperature increase without bound and a singularity is reached at which energy density, temperature and curvature are all infinite. This is the "Big Bang" (see Fig. 1 for a sketch of the temperature/time relationship in Standard Cosmology).
C. Problems of the Standard Big Bang
Obviously, the assumptions on which Standard Cosmology is based break down long before the singularity is reached. This is the "singularity problem" of the model, a problem which also arises in inflationary cosmology. It is wrong to say that Standard Cosmology predicts a Big Bang. Instead, one should say that Standard Cosmology is incomplete and one does not understand the earliest moments of the evolution of the universe.
There are, however, more "practical" "problems" of the Standard Big Bang model -problems in the sense that the model is unable to explain certain key features of the observed universe. The first such problem is the "horizon problem" [1] : within Standard Cosmology there is no possible explanation for the observed homogeneity and isotropy of the CMB. Let us consider photons reaching us from opposite angles in the sky. As sketched in Figure 2 , the source points for these photons on the last scattering surface are separated by a distance greater than the horizon at that time. Hence, there is no possible causal mechanism which can relate the temperatures at the two points.
A related problem is the "size problem": if the spatial sections of the universe are finite, then the only length scale available at the Planck time t pl is the Planck length. However, it we extrapolate the size of our currently observed horizon back to when the temperature was equal to the Planck temperature, then the corresponding wavelength is larger than 1µm, many orders of magnitude larger than the Planck length. Standard Cosmology offers no explanation for these initial conditions.
The third mystery of Standard Cosmology concerns the observed degree of spatial flatness of the universe. At the current time the observed energy density equals the "critical" energy density ρ c of a spatially flat universe to within 10% or better. However, in Standard Cosmology ρ = ρ c is an unstable critical point in an expanding universe. As the universe expands, the relative difference between ρ and ρ c increases. This can be seen by taking the Friedmann equation in the presence of spatial curvature
where
T being the temperature and k the curvature constant which is k = ±1 or k = 0 for closed, open or flat spatial sections, and comparing (8) with the corresponding equation in a spatially flat universe (k = 0 and ρ c replacing ρ. If entropy is conserved (as it is in Standard Cosmology) then ǫ is constant and we obtain ρ − ρ c ρ c = 3 8πG
Hence, to explain the currently observed degree of spatial flatness, the initial spatial curvature had to have been tuned to a very high accuracy. This is the "flatness problem". We observe highly non-random correlations in the distribution of galaxies in the universe. The only force which can act on the relevant distances is gravity. Gravity is a weak force, and therefore the seed fluctuations which develop into the observed structures had to have been nonrandomly distributed at the time t eq , the time when gravitational clustering begins (see Section 2) . However, as illustrated in Figure 3 , the physical length corresponding to the fluctuations which we observe today on the largest scales (they have constant comoving scale) is larger than the horizon at that time. Hence, there can be no causal generation mechanism for these perturbations 1 . This is the "fluctuation problem" of Standard Cosmology.
There are also more conceptual problems: Standard Cosmology is based on treating matter as a set of perfect fluids. However, we know that at high energies and temperatures a classical description of matter breaks down. Thus, Standard Cosmology must break down at sufficiently high energies. It does not contain the adequate matter physics to describe the very early universe. Similarly, the singularity of space-time which Standard Cosmology contains corresponds to a breakdown of the assumptions on which General Relativity is based. This is the "singularity problem" of Standard Cosmology.
All of the early universe scenarios which I will discuss in the following provide solutions to the formation of structure problem. They can successfully explain the wealth of observational data on the distribution of matter in the universe and on the CMB anisotropies. The rest of these lectures will focus on this point. However, the reader should also ask under which circumstances the scenarios to be discussed below address the other problems mentioned above. 
D. Inflation as a Solution
The idea of inflationary cosmology is to add a period to the evolution of the very early universe during which the scale factor undergoes accelerated expansion -most often nearly exponential growth. The time line of inflationary cosmology is sketched in Figure 4 . The time t i is the beginning of the inflationary period, and t R is its end (the meaning of the subscript R will become clear later). Although inflation is usually associated with physics at very high energy scales, e.g. E ∼ 10
16 Gev, all that is required from the initial basic considerations is that inflation ends before the time of nucleosynthesis.
During the period of inflation, the density of any preexisting particles is red-shifted. Hence, if inflation is to be viable, it must contain a mechanism to heat the universe at t R , a "reheating" mechanism -hence the subscript R on t R . This mechanism must involve dramatic entropy generation. It is this non-adiabatic evolution which leads to a solution of the flatness problem, as the reader can verify by inspecting equation (10) and allowing for en- A space-time sketch of inflationary cosmology is given in Figure 5 . The vertical axis is time, the horizontal axis corresponds to physical distance. Three different distance scales are shown. The solid line labelled by k is the physical length corresponding to a fixed comoving perturbation. The second solid line (blue) is the Hubble radius
The Hubble radius separates scales where microphysics dominates over gravity (sub-Hubble scales) from ones on which the effects of microphysics are negligible (superHubble scales) 2 . Hence, a necessary requirement for a causal theory of structure formation is that scales we observe today originate at sub-Hubble lengths in the early universe. The third length is the "horizon", the forward light cone of our position at the Big Bang. The horizon is the causality limit. Note that because of the exponential expansion of space during inflation, the horizon is exponentially larger than the Hubble radius. It is important not to confuse these two scales. Hubble radius and horizon are the same in Standard Cosmology, but in all three early universe scenarios which will be discussed in the following they are different.
From Fig. 5 it is clear that provided that the period of inflation is sufficiently long, all scales which are currently observed originate as sub-Hubble scales at the beginning of the inflationary phase. Thus, in inflationary cosmology it is possible to have a causal generation mechanism of fluctuations [4] [5] [6] . Since matter pre-existing at t i is redshifted away, we are left with a matter vacuum. The inflationary universe scenario of structure formation is based on the hypothesis that all current structure originated as quantum vacuum fluctuations. From Figure  5 it is also clear that the horizon problem of standard cosmology can be solved provided that the period of inflation lasts sufficiently long. The reader should convince him/herself that the required period of inflation is about 50H −1 if inflation takes place at an enegy scale of about 10
16 GeV. Inflation thus solve both the horizon and the structure formation problems.
To obtain exponential expansion of space in the context of Einstein gravity the energy density must be constant. Thus, during inflation the total energy and size of the universe both increase exponentially. In this way, inflation can solve the size and entropy problems of Standard Cosmology.
To summarize the main point concerning the generation of cosmological fluctuations (the main theme of these lectures) in inflationary cosmology: the first crucial criterium which must be satisfied in order to have a successful theory of structure formation is that fluctuation scales originate inside the Hubble radius. In inflationary cosmology it is the accelerated expansion of space during the inflationary phase which provides this success. In the following we will emphasize what is responsible for the corresponding success in the two alternative scenarios which we will discuss.
E. Matter Bounce as a Solution
The first alternative to cosmological inflation as a theory of structure formation is the "matter bounce" , an alternative which is not yet well appreciated (for an overview the reader is referred to [9] ). The scenario is based on a cosmological background in which the scale factor a(t) bounces in a non-singular manner. Figure 6 shows a space-time sketch of such a bouncing cosmology. Without loss of generality we can adjust the time axis such that the bounce point (minimal value of the scale factor) occurs at t = 0. There are three phases in such a non-singular bounce: the initial contracting phase during which the Hubble radius is decreasing linearly in |t|, a bounce phase during which a transition from contraction to expansion takes place, and thirdly the usual expanding phase of Standard Cosmology. There is no prolonged inflationary phase after the bounce, nor is there a time-symmetric deflationary contracting period before the bounce point. As is obvious from the Figure, scales which we observe today started out early in the contracting phase at sub-Hubble lengths.
The matter bounce scenario assumes that the contracting phase is matter-dominated at the times when scales we observe today exit the Hubble radius. A model in which the contracting phase is the time reverse of our current expanding phase would obey this condition. The assumption of an initial matter-dominated phase will be seen later in these lectures to be important if we want to obtain a scale-invariant spectrum of cosmological perturbations from initial vacuum fluctuations [12] [13] [14] . Let us make a first comparison with inflation. A nondeflationary contracting phase replaces the accelerated expanding phase as a mechanism to bring fixed comoving scales within the Hubble radius as we go back in time, allowing us to consider the possibility of a causal generation mechanism of fluctuations. Starting with vacuum fluctuations, a matter-dominated contracting phase is required in order to obtain a scale-invariant spectrum. This corresponds to the requirement in inflationary cosmology that the accelerated expansion be nearly exponential.
| | H
With Einstein gravity and matter satisfying the usual energy conditions it is not possible to obtain a nonsingular bounce. However, as mentioned before, it is unreasonable to expect that Einstein gravity will provide a good description of the physics near the bounce. There are a large number of ways to obtain a nonsingular bouncing cosmology. To mention but a few, it has been shown that a bouncing cosmology results naturally from the special ghost-free higher derivative gravity Lagrangian introduced in [15] . Bounces also arise in the higher-derivative non-singular universe construction of [16] , in "mirage cosmology" (see e.g. [17] ) which is the cosmology on a brane moving through a curved higherdimensional bulk space-time (the time dependence for a brane observer is induced by the motion through the bulk), or -within the context of Einstein gravity -by making use of "quintom matter" (matter consisting of two components, one with regular kinetic term in the action, the other one with opposite sign kinetic action) [18] . For an in-depth review of ways of obtaining bouncing cosmologies see [19] . Very recently, it has been shown [20] that a bouncing cosmology can easily emerge from Horava-Lifshitz gravity [21] , a new approach to quantizing gravity.
In the matter bounce scenario the universe begins cold and therefore large. Thus, the size problem of Standard Cosmology does not arise. As is obvious from Figure 6 , there is no horizon problem for the matter bounce scenario as long as the contracting period is long (to be specific, of similar duration as the post-bounce expanding phase until the present time). By the same argument, it is possible to have a causal mechanism for generating the primordial cosmological perturbations which evolve into the structures we observe today. Specifically, as will be discussed in the section of the matter bounce scenario, if the fluctuations originate as vacuum perturbations on sub-Hubble scales in the contracting phase, then the resulting spectrum at late times for scales exiting the Hubble radius in the matter-dominated phase of contraction is scale-invariant [12] [13] [14] . The propagation of infrared (IR) fluctuations through the non-singular bounce was analyzed in the case of the higher derivative gravity model of [15] in [22] , in mirage cosmology in [17] , in the case of the quintom bounce in [23, 24] and for a Horava-Lifshitz bounce in [25] . The result of these studies is that the scale-invariance of the spectrum before the bounce goes persists after the bounce as long as the time period of the bounce phase is short compared to the wavelengths of the modes being considered. Note that if the fluctuations have a thermal origin, then the condition on the background cosmology to yield scale-invariance of the spectrum of fluctuations is different [26] .
F. String Gas Cosmology as a Solution
String gas cosmology [27] (see also [28] , and see [10] for a comprehensive review) is a toy model of cosmology which results from coupling a gas of fundamental strings to a background space-time metric. It is assumed that the spatial sections are compact. It is argued that the universe starts in a quasi-static phase during which the temperature of the string gas hovers at the Hagedorn value [29] , the maximal temperature of a gas of closed strings in thermal equilibrium. The string gas in this early phase is dominated by strings winding the compact spatial sections. The annihilation of winding strings will produce string loops and lead to a transition from the
The dynamics of string gas cosmology. The vertical axis represents the scale factor of the universe, the horizontal axis is time. Along the horizontal axis, the approximate equation of state is also indicated. During the Hagedorn phase the pressure is negligible due to the cancellation between the positive pressure of the momentum modes and the negative pressure of the winding modes, after time tR the equation of state is that of a radiation-dominated universe.
early quasi-static phase to the radiation phase of Standard Cosmology. Fig. 7 shows a sketch of the evolution of the scale factor in string gas cosmology. In Figure 8 we sketch the space-time diagram in string gas cosmology. Since the early Hagedorn phase is quasistatic, the Hubble radius is infinite. For the same reason, the physical wavelength of fluctuations remains constant in this phase. At the end of the Hagedorn phase, the Hubble radius decreases to a microscopic value and makes a transition to its evolution in Standard Cosmology.
Once again, we see that fluctuations originate on subHubble scales. In string gas cosmology, it is the existence of a quasi-static phase which leads to this result. As will be discussed in the section on string gas cosmology, the source of perturbations in string gas cosmology is thermal: string thermodynamical fluctuations in a compact space with stable winding modes in fact leads to a scaleinvariant spectrum [30] .
II. THEORY OF COSMOLOGICAL PERTURBATIONS
The key tool which is used in modern cosmology to connect theories of the very early universe with cosmological observations today is the theory of cosmological perturbations. In the following, we will give an overview of this theory (similar to the overview in [32] which in turn is based on the comprehensive review [33] ). We begin with the analysis of perturbations in Newtonian cosmology, a useful exercise to develop intuition and notations. showing the evolution of fixed co-moving scales in string gas cosmology. The vertical axis is time, the horizontal axis is physical distance. The solid curve represents the Einstein frame Hubble radius H −1 which shrinks abruptly to a micro-physical scale at tR and then increases linearly in time for t > tR. Fixed co-moving scales (the dotted lines labeled by k1 and k2) which are currently probed in cosmological observations have wavelengths which are smaller than the Hubble radius before tR. They exit the Hubble radius at times ti(k) just prior to tR, and propagate with a wavelength larger than the Hubble radius until they reenter the Hubble radius at times t f (k).
A. Newtonian Theory
The growth of density fluctuations is a consequence of the purely attractive nature of the gravitational force. Imagine (first in a non-expanding background) a density excess δρ localized about some point x in space. This fluctuation produces an attractive force which pulls the surrounding matter towards x. The magnitude of this force is proportional to δρ. Hence, by Newton's second lawδ
where G is Newton's gravitational constant. Hence, there is an exponential instability of flat space-time to the development of fluctuations. Obviously, in General Relativity it is inconsistent to consider density fluctuations in a non-expanding background. If we consider density fluctuations in an expanding background, then the expansion of space leads to a friction term in (12) . Hence, instead of an exponential instability to the development of fluctuations, fluctuations in an expanding Universe will grow as a power of time. We will now determine what this power is and how it depends both on the background cosmological expansion rate and on the length scale of the fluctuations.
We first consider the evolution of hydrodynamical matter fluctuations in a fixed non-expanding background. In this context, matter is described by a perfect fluid, and gravity by the Newtonian gravitational potential ϕ. The fluid variables are the energy density ρ, the pressure p, the fluid velocity v, and the entropy density s. The basic hydrodynamical equations arė
The first equation is the continuity equation, the second is the Euler (force) equation, the third is the Poisson equation of Newtonian gravity, the fourth expresses entropy conservation, and the last describes the equation of state of matter. The derivative with respect to time is denoted by an over-dot. The background is given by the energy density ρ o , the pressure p 0 , vanishing velocity, constant gravitational potential ϕ 0 and constant entropy density s 0 . As mentioned above, it does not satisfy the background Poisson equation.
The equations for cosmological perturbations are obtained by perturbing the fluid variables about the background,
where the fluctuating fields δρ, δv, δp, δϕ and δs are functions of space and time, by inserting these expressions into the basic hydrodynamical equations (13) , by linearizing, and by combining the resulting equations which are of first order in time. We get the following differential equations for the energy density fluctuation δρ and the entropy perturbation δs δρ − c The first conclusions we can draw from the basic perturbation equations (15) are that 1) entropy fluctuations do not grow, 2) adiabatic fluctuations are time-dependent, and 3) entropy fluctuations seed adiabatic ones. All of these conclusions will remain valid in the relativistic theory.
Since the equations are linear, we can work in Fourier space. Each Fourier component δρ k (t) of the fluctuation field δρ(x, t) evolves independently. In the case of adiabatic fluctuations, the cosmological perturbations are described by a single field which obeys a second order differential equation and hence has two fundamental solutions. We will see that this conclusion remains true in the relativistic theory.
Taking a closer look at the equation of motion for δρ, we see that the third term on the left hand side represents the force due to gravity, a purely attractive force yielding an instability of flat space-time to the development of density fluctuations (as discussed earlier, see (12) ). The second term on the left hand side of (15) represents a force due to the fluid pressure which tends to set up pressure waves. In the absence of entropy fluctuations, the evolution of δρ is governed by the combined action of both pressure and gravitational forces.
Restricting our attention to adiabatic fluctuations, we see from (15) that there is a critical wavelength, the Jeans length, whose wavenumber k J is given by
Fluctuations with wavelength longer than the Jeans length (k ≪ k J ) grow exponentially
whereas short wavelength modes (k ≫ k J ) oscillate with frequency ω k ∼ c s k. Note that the value of the Jeans length depends on the equation of state of the background. For a background dominated by relativistic radiation, the Jeans length is large (of the order of the Hubble radius H −1 (t)), whereas for pressure-less matter it vanishes.
Let us now improve on the previous analysis and study Newtonian cosmological fluctuations about an expanding background. In this case, the background equations are consistent (the non-vanishing average energy density leads to cosmological expansion). However, we are still neglecting general relativistic effects (the fluctuations of the metric). Such effects turn out to be dominant on length scales larger than the Hubble radius H −1 (t), and thus the analysis of this section is applicable only to smaller scales.
The background cosmological model is given by the energy density ρ 0 (t), the pressure p 0 (t), and the recessional velocity v 0 = H(t)x, where x is the Euclidean spatial coordinate vector ("physical coordinates"). The spaceand time-dependent fluctuating fields are defined as in the previous section:
where δ ǫ is the fractional energy density perturbation (we are interested in the fractional rather than in the absolute energy density fluctuation!), and the pressure perturbation δp is defined as in (16) . In addition, there is the possibility of a non-vanishing entropy perturbation defined as in (14) .
We now insert this ansatz into the basic hydrodynamical equations (13) , linearize in the perturbation variables, and combine the first order differential equations for δ ǫ and δp into a single second order differential equation for δρ ǫ . The result simplifies if we work in "comoving coordinates" q which are the coordinates painted onto the expanding background, i.e. x(t) = a(t)q(t) . After some algebra, we obtain the following equation which describes the time evolution of density fluctuations:
where the subscript q on the ∇ operator indicates that derivatives with respect to comoving coordinates are used. In addition, we have the equation of entropy conservationδ S = 0 .
Comparing with the equations (15) obtained in the absence of an expanding background, we see that the only difference is the presence of a Hubble damping term in the equation for δ ǫ . This term will moderate the exponential instability of the background to long wavelength density fluctuations. In addition, it will lead to a damping of the oscillating solutions on short wavelengths. More specifically, for physical wavenumbers k p ≪ k J (where k J is again given by (18) ), and in a matterdominated background cosmology, the general solution of (21) in the absence of any entropy fluctuations is given by
where c 1 and c 2 are two constants determined by the initial conditions, and we have dropped the subscript ǫ in expressions involving δ ǫ . There are two fundamental solutions, the first is a growing mode with δ k (t) ∼ a(t), the second a decaying mode with δ k (t) ∼ t −1 . On short wavelengths, one obtains damped oscillatory motion:
The above analysis applies for t > t eq , when we are following the fluctuations of the dominant component of matter. In the radiation era, cold matter fluctuations only grow logarithmically in time since the dominant component of matter (the relativistic radiation) does not cluster and hence the term in the equation of motion for fluctuations which represents the gravitational attraction force is suppressed. In this sense, we can say that inhomogeneities begin to cluster at the time t eq .
As a simple application of the Newtonian equations for cosmological perturbations derived above, let us compare the predicted cosmic microwave background (CMB) anisotropies in a spatially flat universe with only baryonic matter -Model A -to the corresponding anisotropies in a flat Universe with mostly cold dark matter (pressure-less non-baryonic dark matter) -Model B. We start with the observationally known amplitude of the relative density fluctuations today (time t 0 ), and we use the fact that the amplitude of the CMB anisotropies on the angular scale θ(k) corresponding to the comoving wavenumber k is set by the primordial value of the gravitational potential φ -introduced in the following section -which in turn is related to the primordial value of the density fluctuations at Hubble radius crossing (and not to its value at the time t rec -see e.g. Chapter 17 of [33] ).
In Model A, the dominant component of the pressureless matter is coupled to radiation between t eq and t rec , the time of last scattering. Thus, the Jeans length is comparable to the Hubble radius. Therefore, for comoving galactic scales, k ≫ k J in this time interval, and thus the fractional density contrast decreases as a(t) −1/2 . In contrast, in Model B, the dominant component of pressureless matter couples only weakly to radiation, and hence the Jeans length is negligibly small. Thus, in Model B, the relative density contrast grows as a(t) between t eq and t rec . In the time interval t rec < t < t 0 , the fluctuations scale identically in Models A and B. Summarizing, we conclude, working backwards in time from a fixed amplitude of δ k today, that the amplitudes of δ k (t eq ) in Models A and B (and thus their primordial values) are related by
Hence, in Model A (without non-baryonic dark matter) the CMB anisotropies are predicted to be a factor of about 30 larger [34] than in Model B, way in excess of the recent observational results. This is one of the strongest arguments for the existence of non-baryonic dark matter 3 . Note that the precise value of the enhancement factor 3 In my opinion no proposed alternative to particle dark matter depends on the value of the cosmological constant Λ -the above result holds for Λ = 0.
B. Observables
Let us consider perturbations on a fixed comoving length scale given by a comoving wavenumber k. The corresponding physical length increases as a(t). This is to be compared with the Hubble radius H −1 (t) which scales as t provided a(t) grows as a power of t. In the late time Universe, a(t) ∼ t 1/2 in the radiation-dominated phase (i.e. for t < t eq ), and a(t) ∼ t 2/3 in the matterdominated period (t eq < t < t 0 ). Thus, we see that at sufficiently early times, all comoving scales had a physical length larger than the Hubble radius. If we consider large cosmological scales (e.g. those corresponding to the observed CMB anisotropies or to galaxy clusters), the time t H (k) of "Hubble radius crossing" (when the physical length was equal to the Hubble radius) was in fact later than t eq . Cosmological fluctuations can be described either in position space or in momentum space. In position space, we compute the root mean square mass fluctuation δM/M (k, t) in a sphere of radius l = 2π/k at time t. A scale-invariant spectrum of fluctuations is defined by the relation
Such a spectrum was first suggested by Harrison [35] and Zeldovich [36] as a reasonable choice for the spectrum of cosmological fluctuations. We can introduce the "spectral index" n of cosmological fluctuations by the relation
and thus a scale-invariant spectrum corresponds to n = 1. To make the transition to the (more frequently used) momentum space representation, we Fourier decompose the fractional spatial density contrast
where V is a cutoff volume. The power spectrum P δ of density fluctuations is defined by
where k is the magnitude of k, and we have assumed for simplicity a Gaussian distribution of fluctuations in should be taken serious unless their proponents can demonstrate that their model can reproduce the agreement between the amplitudes of the CMB anisotropies on one hand and of the large-scale matter power spectrum on the other hand.
which the amplitude of the fluctuations only depends on k.
We can also define the power spectrum of the gravitational potential ϕ:
These two power spectra are related by the Poisson equation (13)
In general, the condition of scale-invariance is expressed in momentum space in terms of the power spectrum evaluated at a fixed time. To obtain this condition, we first use the time dependence of the fractional density fluctuation from (22) to determine the mass fluctuations at a fixed time t > t H (k) > t eq (the last inequality is a condition on the scales considered)
The time of Hubble radius crossing is given by
and thus
Inserting this result into (31) and making use of (26) we find
Since, for reasonable values of the index of the power spectrum, δM/M (k, t) is dominated by the Fourier modes with wavenumber k, we find that (34) implies
or, equivalently,
C. Classical Relativistic Theory
Introduction
The Newtonian theory of cosmological fluctuations discussed in the previous section breaks down on scales larger than the Hubble radius because it neglects perturbations of the metric, and because on large scales the metric fluctuations dominate the dynamics.
Let us begin with a heuristic argument to show why metric fluctuations are important on scales larger than the Hubble radius. For such inhomogeneities, one should be able to approximately describe the evolution of the space-time by applying the first FRW equation (87) of homogeneous and isotropic cosmology to the local Universe (this approximation is made more rigorous in [37] ). Based on this equation, a large-scale fluctuation of the energy density will lead to a fluctuation ("δa") of the scale factor a which grows in time. This is due to the fact that self gravity amplifies fluctuations even on length scales λ greater than the Hubble radius.
This argument is made rigorous in the following analysis of cosmological fluctuations in the context of general relativity, where both metric and matter inhomogeneities are taken into account. We will consider fluctuations about a homogeneous and isotropic background cosmology, given by the metric (1), which can be written in conformal time η (defined by dt = a(t)dη) as
The theory of cosmological perturbations is based on expanding the Einstein equations to linear order about the background metric. The theory was initially developed in pioneering works by Lifshitz [38] . Significant progress in the understanding of the physics of cosmological fluctuations was achieved by Bardeen [39] who realized the importance of subtracting gauge artifacts (see below) from the analysis (see also [40, 41] ). The following discussion is based on Part I of the comprehensive review article [33] . Other reviews -in some cases emphasizing different approaches -are [42] [43] [44] [45] .
Classifying Fluctuations
The first step in the analysis of metric fluctuations is to classify them according to their transformation properties under spatial rotations. There are scalar, vector and second rank tensor fluctuations. In linear theory, there is no coupling between the different fluctuation modes, and hence they evolve independently (for some subtleties in this classification, see [46] ).
We begin by expanding the metric about the FRW background metric g
µν given by (37):
The background metric depends only on time, whereas the metric fluctuations δg µν depend on both space and time. Since the metric is a symmetric tensor, there are at first sight 10 fluctuating degrees of freedom in δg µν . There are four degrees of freedom which correspond to scalar metric fluctuations (the only four ways of constructing a metric from scalar functions):
where the four fluctuating degrees of freedom are denoted (following the notation of [33] ) φ, B, E, and ψ, a comma denotes the ordinary partial derivative (if we had included spatial curvature of the background metric, it would have been the covariant derivative with respect to the spatial metric), and δ ij is the Kronecker symbol. There are also four vector degrees of freedom of metric fluctuations, consisting of the four ways of constructing metric fluctuations from three vectors:
where S i and F i are two divergence-less vectors (for a vector with non-vanishing divergence, the divergence contributes to the scalar gravitational fluctuation modes). Finally, there are two tensor modes which correspond to the two polarization states of gravitational waves:
where h ij is trace-free and divergence-less
Gravitational waves do not couple at linear order to the matter fluctuations. Vector fluctuations decay in an expanding background cosmology and hence are not usually cosmologically important. The most important fluctuations, at least in inflationary cosmology, are the scalar metric fluctuations, the fluctuations which couple to matter inhomogeneities and which are the relativistic generalization of the Newtonian perturbations considered in the previous section. Note that vector and tensor perturbations are important (see e.g. [47] ) in topological defects models of structure formation and in bouncing cosmologies [48] .
Gauge Transformation
The theory of cosmological perturbations is at first sight complicated by the issue of gauge invariance (at the final stage, however, we will see that we can make use of the gauge freedom to substantially simplify the theory). The coordinates t, x of space-time carry no independent physical meaning. They are just labels to designate points in the space-time manifold. By performing a small-amplitude transformation of the space-time coordinates (called "gauge transformation" in the following), we can easily introduce "fictitious" fluctuations in a homogeneous and isotropic Universe. These modes are "gauge artifacts".
We will in the following take an "active" view of gauge transformation. Let us consider two space-time manifolds, one of them a homogeneous and isotropic Universe M 0 , the other a physical Universe M with inhomogeneities. A choice of coordinates can be considered to be a mapping D between the manifolds M 0 and M. Let us consider a second mappingD which will take the same point (e.g. the origin of a fixed coordinate system) in M 0 to a different point in M. Using the inverse of these maps D andD, we can assign two different sets of coordinates to points in M.
Consider now a physical quantity Q (e.g. the Ricci scalar) on M, and the corresponding physical quantity Q (0) on M 0 Then, in the first coordinate system given by the mapping D, the perturbation δQ of Q at the point p ∈ M is defined by
Analogously, in the second coordinate system given bỹ D, the perturbation is defined bỹ
The difference
is obviously a gauge artifact and carries no physical significance. Some of the degrees of freedom of metric perturbation introduced in the first subsection are gauge artifacts. To isolate these, we must study how coordinate transformations act on the metric. There are four independent gauge degrees of freedom corresponding to the coordinate transformation
The zero (time) component ξ 0 of ξ µ leads to a scalar metric fluctuation. The spatial three vector ξ i can be decomposed as
(where γ ij is the spatial background metric) into a transverse piece ξ i tr which has two degrees of freedom which yield vector perturbations, and the second term (given by the gradient of a scalar ξ) which gives a scalar fluctuation. To summarize this paragraph, there are two scalar gauge modes given by ξ 0 and ξ, and two vector modes given by the transverse three vector ξ Let us now focus on how the scalar gauge transformations (i.e. the transformations given by ξ 0 and ξ) act on the scalar metric fluctuation variables φ, B, E, and ψ. An immediate calculation yields:
where a prime indicates the derivative with respect to conformal time η.
There are two approaches to deal with the gauge ambiguities. The first is to fix a gauge, i.e. to pick conditions on the coordinates which completely eliminate the gauge freedom, the second is to work with a basis of gaugeinvariant variables. If one wants to adopt the gauge-fixed approach, there are many different gauge choices. Note that the often used synchronous gauge determined by δg 0µ = 0 does not totally fix the gauge. A convenient system which completely fixes the coordinates is the socalled longitudinal or conformal Newtonian gauge defined by B = E = 0. This is the gauge we will use in the following.
Note that the above analysis was strictly at linear order in perturbation theory. Beyond linear order, the structure of perturbation theory becomes much more involved. In fact, one can show [49] that the only fluctuation variables which are invariant under all coordinate transformations are perturbations of variables which are constant in the background space-time.
Equations of Motion
We begin with the Einstein equations
where G µν is the Einstein tensor associated with the space-time metric g µν , and T µν is the energy-momentum tensor of matter, insert the ansatz for metric and matter perturbed about a FRW background g
(where we have for simplicity replaced general matter by a scalar matter field ϕ) and expand to linear order in the fluctuating fields, obtaining the following equations:
In the above, δg µν is the perturbation in the metric and δϕ is the fluctuation of the matter field ϕ.
Inserting the longitudinal gauge metric
into the general perturbation equations (52) yields the following set of equations of motion:
The first conclusion we can draw is that if no anisotropic stress is present in the matter at linear order in fluctuating fields, i.e. δT i j = 0 for i = j, then the two metric fluctuation variables coincide:
This will be the case in most simple cosmological models, e.g. in theories with matter described by a set of scalar fields with canonical form of the action, and in the case of a perfect fluid with no anisotropic stress. Let us now restrict our attention to the case of matter described in terms of a single scalar field ϕ (in which case the perturbations on large scales are automatically adiabatic) which can be expanded as
in terms of background matter ϕ 0 and matter fluctuation δϕ(x, η). Then, in longitudinal gauge, (54) reduce to the following set of equations of motion
where V ′ denotes the derivative of V with respect to ϕ. These equations can be combined to give the following second order differential equation for the relativistic potential φ:
(58) This is the final result for the classical evolution of cosmological fluctuations. First of all, we note the similarities with the equation (21) obtained in the Newtonian theory. The final term in (58) is the force due to gravity leading to the instability, the second to last term is the pressure force leading to oscillations (relativistic since we are considering matter to be a relativistic field), and the second term represents the Hubble friction. For each wavenumber there are two fundamental solutions. On small scales (k > H), the solutions correspond to damped oscillations, on large scales (k < H) the oscillations freeze out and the dynamics is governed by the gravitational force competing with the Hubble friction term. Note, in particular, how the Hubble radius naturally emerges as the scale where the nature of the fluctuating modes changes from oscillatory to frozen.
Considering the equation in a bit more detail, we observe that if the equation of state of the background is independent of time (which will be the case if H ′ = ϕ ′′ 0 = 0), then in an expanding background, the dominant mode of (58) is constant, and the sub-dominant mode decays. If the equation of state is not constant, then the dominant mode is not constant in time. Specifically, at the end of inflation H ′ < 0, and this leads to a growth of φ (see the following subsection). In contrast, in a contracting phase the dominant mode of φ is growing.
To study the quantitative implications of the equation of motion (58) , it is convenient to introduce [50, 51] the variable ζ (which, up to a correction term of the order ∇ 2 φ which is unimportant for large-scale fluctuations, is equal to the curvature perturbation R in comoving gauge [52] ) by
characterizes the equation of state of matter. In terms of ζ, the equation of motion (58) takes on the form
On large scales, the right hand side of the equation is negligible, which leads to the conclusion that large-scale cosmological fluctuations satisfẏ
This implies that ζ is constant except possibly if 1+w = 0 at some point in time during the cosmological evolution (which occurs during reheating in inflationary cosmology if the inflaton field undergoes oscillations [53] ). In single matter field models it is indeed possible to show thaṫ ζ = 0 on super-Hubble scales independent of assumptions on the equation of state [54, 55] . This "conservation law" makes it easy to relate initial fluctuations to final fluctuations in inflationary cosmology, as will be illustrated in the following subsection.
In the presence of non-adiabatic fluctuations (entropy fluctuations) there is a source term on the righ-hand side of (62) which is proportional to the amplitude of the entropy fluctuations. Thus, as already seen in the case of the Newtonian theory of cosmological fluctuations, nonadiabatic fluctuations induce a growing adiabatic mode (see [56, 57] for discussions of the consequences in double field inflationary models).
D. Quantum Theory
Overview
As we have seen in the first section, in many models of the very early Universe, in particular in inflationary cosmology, in string gas cosmology and in the matter bounce scenario, primordial inhomogeneities are generated in an initial phase on sub-Hubble scales. The wavelength is then stretched relative to the Hubble radius, becomes larger than the Hubble radius at some time and then propagates on super-Hubble scales until re-entering at late cosmological times. In a majority of the current structure formation scenarios (string gas cosmology is an exception in this respect), fluctuations are assumed to emerge as quantum vacuum perturbations. Hence, to describe the generation and evolution of the inhomogeneities a quantum treatment is required.
In the context of a Universe with a de Sitter phase, the quantum origin of cosmological fluctuations was first discussed in [5] and also [4, 6] for earlier ideas. In particular, Mukhanov [5] and Press [6] realized that in an exponentially expanding background, the curvature fluctuations would be scale-invariant, and Mukhanov provided a quantitative calculation which also yielded the logarithmic deviation from exact scale-invariance.
The role of the Hubble radius has already been mentioned repeatedly in these lectures. In particular, in the previous subsection we saw that the Hubble radius separates scales on which fluctuations oscillate (sub-Hubble scales) from those where they are frozen in (super-Hubble scales). Another way to see the role of the Hubble radius is to consider the equation of a free scalar matter field ϕ on an unperturbed expanding background:
The second term on the left hand side of this equation leads to damping of ϕ with a characteristic decay rate given by H. As a consequence, in the absence of the spatial gradient term,φ would be of the order of magnitude Hϕ. Thus, comparing the second and the third terms on the left hand side, we immediately see that the microscopic (spatial gradient) term dominates on length scales smaller than the Hubble radius, leading to oscillatory motion, whereas this term is negligible on scales larger than the Hubble radius, and the evolution of ϕ is determined primarily by gravity. Note that in general cosmological models the Hubble radius is much smaller than the horizon (the forward light cone calculated from the initial time). In an inflationary universe, the horizon is larger by a factor of at least exp(N ), where N is the number of e-foldings of inflation, and the lower bound is taken on if the Hubble radius and horizon coincide until inflation begins. It is very important to realize this difference, a difference which is obscured in most articles on cosmology in which the term "horizon" is used when "Hubble radius" is meant. Note, in particular, that the homogeneous inflaton field contains causal information on super-Hubble but sub-horizon scales. Hence, it is completely consistent with causality [53] to have a microphysical process related to the background scalar matter field lead to exponential amplification of the amplitude of fluctuations during reheating on such scales, as it does in models in which entropy perturbations are present and not suppressed during inflation [56, 57] . Note that also in string gas cosmology and in the matter bounce scenario the Hubble radius and horizon are completely different.
There are general relativistic conservation laws [58] which imply that adiabatic fluctuations produced locally must be Poisson-statistic suppressed on scales larger than the Hubble radius. For example, fluctuations produced by the formation of topological defects at a phase transition in the early universe are initially isocurvature (entropy) in nature (see e.g. [59] for a discussion). Via the source term in the equation of motion (15), a growing adiabatic mode is induced, but at any fixed time the spectrum of the curvature fluctuation on scales larger than the Hubble radius has index n = 4 (Poisson). A similar conclusion applies to models [60, 61] of modulated reheating (see [62] for a nice discussion), and to models in which moduli fields obtain masses after some symmetry breaking, their quantum fluctuations then inducing cosmological perturbations. A prototypical example is given by axion fluctuations in an inflationary universe (see e.g. [63] and references therein).
To understand the generation and evolution of fluctuations in current models of the very early Universe, we need both Quantum Mechanics and General Relativity, i.e. quantum gravity. At first sight, we are thus faced with an intractable problem, since the theory of quantum gravity is not yet established. We are saved by the fact that today on large cosmological scales the fractional amplitude of the fluctuations is smaller than 1. Since gravity is a purely attractive force, the fluctuations had to have been -at least in the context of an eternally expanding background cosmology -very small in the early Universe. Thus, a linearized analysis of the fluctuations (about a classical cosmological background) is self-consistent.
From the classical theory of cosmological perturbations discussed in the previous section, we know that the analysis of scalar metric inhomogeneities can be reduced -after extracting gauge artifacts -to the study of the evolution of a single fluctuating variable. Thus, we conclude that the quantum theory of cosmological perturbations must be reducible to the quantum theory of a single free scalar field which we will denote by v. Since the background in which this scalar field evolves is time-dependent, the mass of v will be time-dependent. The time-dependence of the mass will lead to quantum particle production over time if we start the evolution in the vacuum state for v. As we will see, this quantum particle production corresponds to the development and growth of the cosmological fluctuations. Thus, the quantum theory of cosmological fluctuations provides a consistent framework to study both the generation and the evolution of metric perturbations. The following analysis is based on Part II of [33] .
Outline of the Analysis
In order to obtain the action for linearized cosmological perturbations, we expand the action to quadratic order in the fluctuating degrees of freedom. The linear terms cancel because the background is taken to satisfy the background equations of motion.
We begin with the Einstein-Hilbert action for gravity and the action of a scalar matter field (for the more complicated case of general hydrodynamical fluctuations the reader is referred to [33] )
where R is the Ricci curvature scalar. The simplest way to proceed is to work in longitudinal gauge, in which the metric and matter take the form (assuming no anisotropic stress)
The two fluctuation variables φ and ϕ must be linked by the Einstein constraint equations since there cannot be matter fluctuations without induced metric fluctuations.
The two nontrivial tasks of the lengthy [33] computation of the quadratic piece of the action is to find out what combination of ϕ and φ gives the variable v in terms of which the action has canonical kinetic term, and what the form of the time-dependent mass is. This calculation involves inserting the ansatz (65) into the action (64), expanding the result to second order in the fluctuating fields, making use of the background and of the constraint equations, and dropping total derivative terms from the action. In the context of scalar field matter, the quantum theory of cosmological fluctuations was developed by Mukhanov [64, 65] and Sasaki [66] . The result is the following contribution S (2) to the action quadratic in the perturbations:
where the canonical variable v (the "Sasaki-Mukhanov variable" introduced in [65] -see also [67] ) is given by
with H = a ′ /a, and where
As long as the equation of state does not change over time)
Note that the variable v is related to the curvature perturbation R in comoving coordinates introduced in [52] and closely related to the variable ζ used in [50, 51] :
The equation of motion which follows from the action (66) is (in momentum space)
where v k is the k'th Fourier mode of v. The mass term in the above equation is in general given by the Hubble scale. Thus, it immediately follows that on small length scales, i.e. for k > k H , the solutions for v k are constant amplitude oscillations . These oscillations freeze out at Hubble radius crossing, i.e. when k = k H . On longer scales (k ≪ k H ), there is a mode of v k which scales as z. This mode is the dominant one in an expanding universe, but not in a contracting one. Given the action (66), the quantization of the cosmological perturbations can be performed by canonical quantization (in the same way that a scalar matter field on a fixed cosmological background is quantized [68] ).
The final step in the quantum theory of cosmological perturbations is to specify an initial state. Since in inflationary cosmology all pre-existing classical fluctuations are red-shifted by the accelerated expansion of space, one usually assumes (we will return to a criticism of this point when discussing the trans-Planckian problem of inflationary cosmology) that the field v starts out at the initial time t i mode by mode in its vacuum state. Two questions immediately emerge: what is the initial time t i , and which of the many possible vacuum states should be chosen. It is usually assumed that since the fluctuations only oscillate on sub-Hubble scales, the choice of the initial time is not important, as long as it is earlier than the time when scales of cosmological interest today cross the Hubble radius during the inflationary phase. The state is usually taken to be the Bunch-Davies vacuum (see e.g. [68] ), since this state is empty of particles at t i in the coordinate frame determined by the FRW coordinates Thus, we choose the initial conditions
where η i is the conformal time corresponding to the physical time t i . Returning to the case of an expanding universe, the scaling
implies that the wave function of the quantum variable v k which performs quantum vacuum fluctuations on subHubble scales, stops oscillating on super-Hubble scales and instead is squeezed (the amplitude increases in configuration space but decreases in momentum space). This squeezing corresponds to quantum particle production. It is also one of the two conditions which are required for the classicalization of the fluctuations. The second condition is decoherence which is induced by the nonlinearities in the dynamical system which are inevitable since the Einstein action leads to highly nonlinear equatiions (see [69] for a recent discussion of this point, and [70] for related work).
Note that the squeezing of cosmological fluctuations on super-Hubble scales occurs in all models, in particular in string gas cosmology and in the bouncing universe scenario since also in these scenarios perturbations propagate on super-Hubble scales for a long period of time. In a contracting phase, the dominant mode of v k on superHubble scales is not the one given in (73) (which in this case is a decaying mode), but the second mode which scales as z −p with an exponent p which is positive and whose exact value depends on the background equation of state.
Applications of this theory in inflationary cosmology, in the matter bounce scenario and in string gas cosmology will be considered in the respective sections of these lecture notes.
Quantum Theory of Gravitational Waves
The quantization of gravitational waves parallels the quantization of scalar metric fluctuations, but is more simple because there are no gauge ambiguities. Note that at the level of linear fluctuations, scalar metric fluctuations and gravitational waves are independent. Both can be quantized on the same cosmological background determined by the background scale factor and the background matter. However, in contrast to the case of scalar metric fluctuations, the tensor modes are also present in pure gravity (i.e. in the absence of matter).
Starting point is the action (64) . Into this action we insert the metric which corresponds to a classical cosmological background plus tensor metric fluctuations:
where the second rank tensor h ij (η, x) represents the gravitational waves, and in turn can be decomposed as
into the two polarization states. Here, e + ij and e x ij are two fixed polarization tensors, and h + and h x are the two coefficient functions.
To quadratic order in the fluctuating fields, the action consists of separate terms involving h + and h x . Each term is of the form
leading to the equation of motion
The variable in terms of which the action (76) has canonical kinetic term is
and its equation of motion is
This equation is very similar to the corresponding equation (71) for scalar gravitational inhomogeneities, except that in the mass term the scale factor a(η) replaces z(η), which leads to a very different evolution of scalar and tensor modes during the reheating phase in inflationary cosmology during which the equation of state of the background matter changes dramatically. Based on the above discussion we have the following theory for the generation and evolution of gravitational waves in an accelerating Universe (first developed by Grishchuk [71] ): waves exist as quantum vacuum fluctuations at the initial time on all scales. They oscillate until the length scale crosses the Hubble radius. At that point, the oscillations freeze out and the quantum state of gravitational waves begins to be squeezed in the sense that
which, from (78) corresponds to constant amplitude of h k . The squeezing of the vacuum state leads to the emergence of classical properties of this state, as in the case of scalar metric fluctuations.
III. INFLATIONARY COSMOLOGY

A. Mechanism of Inflation
The idea of inflationary cosmology is to assume that there was a period in the very early Universe during which the scale factor was accelerating, i.e.ä > 0. This implies that the Hubble radius was shrinking in comoving coordinates, or, equivalently, that fixed comoving scales were "exiting" the Hubble radius. In the simplest models of inflation, the scale factor increases nearly exponentially. As illustrated in Figure 9 , the basic geometry of inflationary cosmology provides a solution of the fluctuation problem. As long as the phase of inflation is sufficiently long, all length scales within our present Hubble radius today originate at the beginning of inflation with a wavelength smaller than the Hubble radius at that time. Thus, it is possible to create perturbations locally using physics obeying the laws of special relativity (in particular causality). As will be discussed later, it is quantum vacuum fluctuations of matter fields and their associated curvature perturbations which are responsible for the structure we observe today.
Postulating a phase of inflation in the very early universe solves the horizon problem of the SBB, namely it explains why the causal horizon at the time t rec when photons last scatter is larger than the radius of the past light cone at t rec , the part of the last scattering surface which is visible today in CMB experiments. Inflation also showing the evolution of scales in inflationary cosmology. The vertical axis is time, and the period of inflation lasts between ti and tR, and is followed by the radiation-dominated phase of standard big bang cosmology. During exponential inflation, the Hubble radius H −1 is constant in physical spatial coordinates (the horizontal axis), whereas it increases linearly in time after tR. The physical length corresponding to a fixed comoving length scale labelled by its wavenumber k increases exponentially during inflation but increases less fast than the Hubble radius (namely as t 1/2 ), after inflation.
explains the near flatness of the universe: in a decelerating universe spatial flatness is an unstable fixed point of the dynamics, whereas in an accelerating universe it becomes an attractor. Another important aspect of the inflationary solution of the flatness problem is that inflation exponentially increases the volume of space. Without inflation, it is not possible that a Planck scale universe at the Planck time evolves into a sufficiently large universe today.
B. Fluctuations in Inflationary Cosmology
We will now use the quantum theory of cosmological perturbations developed in the previous section to calculate the spectrum of curvature fluctuations in inflationary cosmology. The starting point are quantum vacuum initial conditions for the canonical fluctuation variable v k :
for all k for which the wavelength is smaller than the Hubble radius at the initial time t i . The amplitude remains unchanged until the modes exit the Hubble radius at the respective times t H (k) given by
We need to compute the power spectrum P R (k) of the curvature fluctuation R defined in (70) at some late time t when the modes are super-Hubble. We first relate the power spectrum via the growth rate (73) of v on superHubble scales to the power spectrum at the time t H (k) and then use the constancy of the amplitude of v on subHubble scales to relate it to the initial conditions (81) . Thus
where in the final step we have used (69) and the constancy of the amplitude of v on sub-Hubble scales. Making use of the condition (82) for Hubble radius crossing, and of the initial conditions (81), we immediately see that
and that thus a scale invariant power spectrum with amplitude proportional to H 2 results, in agreement with what was argued on heuristic grounds in the overview of inflation in the the first section. To obtain the precise amplitude, we need to make use of the relation between z and a. We obtain
which for any given value of k is to be evaluated at the time t H (k) (before the end of inflation). For a scalar field potential (see following subsection)
the resulting amplitude in (85) is λ. Thus, in order to obtain the observed value of the power spectrum of the order of 10 −10 , the coupling constant λ must be tuned to a very small value.
C. Models of Inflation
Let us now consider how it is possible to obtain a phase of cosmological inflation. We will assume that space-time is described using the equations of General Relativity 4 . In this case, the dynamics of the scale factor a(t) is 4 Note, however, that the first model of exponential expansion of space [3] made use of a higher derivative gravitational action.
determined by the Friedmann-Robertson-Walker (FRW) equations
where for simplicity we have omitted the contributions of spatial curvature (since spatial curvature is diluted during inflation) and of the cosmological constant (since any small cosmological constant which might be present today has no effect in the early Universe since the associated energy density does not increase when going into the past). From (88) it is clear that in order to obtain an accelerating universe, matter with sufficiently negative pressure
is required. Exponential inflation is obtained for p = −ρ. Conventional perfect fluids have positive semi-definite pressure and thus cannot yield inflation. Quantum field theory can come to the rescue. We know that a description of matter in terms of classical perfect fluids must break down at early times. An improved description of matter will be given in terms of quantum fields. Matter which we observe today consists of spin 1/2 and spin 1 fields. Such fields cannot yield inflation in the context of the renormalizable quantum field theory framework. The existence of scalar matter fields is postulated to explain the generation of mass via spontaneous symmetry breaking. Scalar matter fields (denoted by ϕ) are special in that they allow -at the level of a renormalizable action -the presence of a potential energy term V (ϕ). The energy density and pressure of a scalar field ϕ with canonically normalized action
(where Greek indices are space-time indices and g is the determinant of the metric) are given by
Thus, it is possible to obtain an almost exponentially expanding universe provided the scalar field configuration
In the above, ∇ p ≡ a −1 ∇ is the gradient with respect to physical as opposed to comoving coordinates. Since spatial gradients redshift as the universe expands, the first condition will (for single scalar field models) always be satisfied if it is satisfied at the initial time 7 . It is the second condition which is harder to satisfy. In particular, this condition is in general not preserved in time even it is initially satisfied.
In his original model [1] , Guth assumed that inflation was generated by a scalar field ϕ sitting in a false vacuum with positive vacuum energy. Hence, the conditions (92) and (93) are automatically satisfied. Inflation ends when ϕ tunnels to its true vacuum state with (by assumption) vanishing potential energy. However, as Guth realized himself, this model is plagued by a "graceful exit" problem: the nucleation produces a bubble of true vacuum whose initial size is microscopic [75] (see also [76] for a review of field theory methods which are useful in inflationary cosmology). After inflation, this bubble will expand at the speed of light, but it is too small to explain the observed size of the universe. Since space between the bubbles expands exponentially, the probability of bubble percolation is negligible, at least in Einstein gravity. For this reason, the focus in inflationary model building shifted to the "slow-roll" paradigm [77] .
It is sufficient to obtain a period of cosmological inflation that the slow-roll conditions for ϕ are satisfied. Recall that the equation of motion for a homogeneous scalar field in a cosmological space-time is (as follows from (90)) isφ
where a prime indicates the derivative with respect to ϕ. In order that the scalar field roll slowly, it is necessary thatφ ≪ 3Hφ (95) such that the first term in the scalar field equation of motion (94) is negligible. In this case, the condition (93) becomes
and (95) becomes
6 The scalar field yielding inflation is called the inflaton. 7 In fact, careful studies [74] show that since the gradients decrease even in a non-inflationary backgrounds, they can become subdominant even if they are not initially subdominant.
There are many models of scalar field-driven slow-roll inflation. Many of them can be divided into three groups: small-field inflation, large-field inflation and hybrid inflation. Small-field inflationary models are based on ideas from spontaneous symmetry breaking in particle physics. We take the scalar field to have a potential of the form
where σ can be interpreted as a symmetry breaking scale, and λ is a dimensionless coupling constant. The hope of initial small-field models ("new inflation" [77] ) was that the scalar field would begin rolling close to its symmetric point ϕ = 0, where thermal equilibrium initial conditions would localize it in the early universe. At sufficiently high temperatures, ϕ = 0 is a stable ground state of the oneloop finite temperature effective potential V T (ϕ) (see e.g.
[76] for a review). Once the temperature drops to a value smaller than the critical temperature T c , ϕ = 0 turns into an unstable local maximum of V T (ϕ), and ϕ is free to roll towards a ground state of the zero temperature potential (98) . The direction of the initial rolling is triggered by quantum fluctuations. The reader can easily check that for the potential (98) the slow-roll conditions cannot be satisfied if σ ≪ m pl , where m pl is the Planck mass which is related to G. If the potential is modified to a ColemanWeinberg [78] form
(where v denotes the value of the minimum of the potential) then the slow-roll conditions can be satisfied. However, this corresponds to a severe fine-tuning of the shape of the potential. A further problem for most small-field models of inflation (see e.g. [79] for a review) is that in order to end up close to the slow-roll trajectory, the initial field velocity must be constrained to be very small. This initial condition problem of small-field models of inflation effects a number of recently proposed brane inflation scenarios, see e.g. [80] for a discussion. There is another reason for abandoning small-field inflation models: in order to obtain a sufficiently small amplitude of density fluctuations, the interaction coefficients of ϕ must be very small. This makes it inconsistent to assume that ϕ started out in thermal equilibrium [81] . In the absence of thermal equilibrium, the phase space of initial conditions is much larger for large values of ϕ.
This brings us to the discussion of large-field inflation models, initially proposed in [82] under the name "chaotic inflation". The simplest example is provided by a massive scalar field with potential
where m is the mass. It is assumed that the scalar field rolls towards the origin from large values of |ϕ|. It is a simple exercise for the reader to verify that the slow-roll conditions (96) and (97) are satisfied provided
Values of |ϕ| comparable or greater than m pl are also required in other realizations of large-field inflation. Hence, one may worry whether such a toy model can consistently be embedded in a realistic particle physics model, e.g. supergravity. In many such models V (ϕ) receives supergravity-induced correction terms which destroy the flatness of the potential for |ϕ| > m pl . As can be seen by applying the formulas of the previous subsection to the potential (100), a value of m ∼ 10 13 GeV is required in order to obtain the observed amplitude of density fluctuations. Hence, the configuration space range with |ϕ| > m pl but V (ϕ) < m 4 pl dominates the measure of field values. It can also be verified that the slow-roll trajectory is a local attractor in field initial condition space [74] , even including metric fluctuations at the perturbative level [83] .
With two scalar fields it is possible to construct a class of models which combine some of the nice features of large-field inflation (large phase space of initial conditions yielding inflation) and of small-field inflation (better contact with conventional particle physics). These are models of hybrid inflation [84] . To give a prototypical example, consider two scalar fields ϕ and χ with a potential
In the absence of thermal equilibrium, it is natural to assume that |ϕ| begins at large values, values for which the effective mass of χ is positive and hence χ begins at χ = 0. The parameters in the potential (102) are now chosen such that ϕ is slowly rolling for values of |ϕ| somewhat smaller than m pl , but that the potential energy for these field values is dominated by the first term on the right-hand side of (102) . The reader can easily verify that for this model it is no longer required to have values of |ϕ| greater than m pl in order to obtain slow-rolling 8 The field ϕ is slowly rolling whereas the potential energy is determined by the contribution from χ. Once |ϕ| drops to the value
the configuration χ = 0 becomes unstable and decays to its ground state |χ| = σ, yielding a graceful exit from inflation. Since in this example the ground state of χ is not unique, there is the possibility of the formation of topological defects at the end of inflation (see [85] [86] [87] for reviews of topological defects in cosmology). 8 Note that the slow-roll conditions (96) and (97) were derived assuming that H is given by the contribution of ϕ to V which is not the case here.
D. Reheating in Inflationary Cosmology
Preheating
After the slow-roll conditions break down, the period of inflation ends, and the inflaton ϕ begins to oscillate around its ground state. Due to couplings of ϕ to other matter fields, the energy of the universe, which at the end of the period of inflation is stored completely in ϕ, gets transferred to the matter fields of the particle physics Standard Model. Initially, the energy transfer was described perturbatively [88] . Later, it was realized [89] [90] [91] [92] that through a parametric resonance instability, particles are very rapidly produced, leading to a fast energy transfer ("preheating"). The quanta later thermalize, and thereafter the universe evolves as described by SBB cosmology.
Let us give a brief overview of the theory of reheating in inflationary cosmology. For an in-depth review the student is referred to [93] . We assume that the inflaton ϕ is coupled to another scalar field χ and take the interaction Lagrangian to be
where g is a dimensionless coupling constant.
In the initial perturbative analysis of reheating [88] the decay of the coherently oscillating inflaton field ϕ is treated perturbatively. The interaction rate Γ of processes in which two ϕ quanta interact to produce a pair of χ particles is taken as the decay rate of the inflaton. The inflaton dynamics is modeled via an effective equation
For small coupling constant, the interaction rate Γ is typically much smaller than the Hubble parameter at the end of inflation. Thus, at the beginning of the phase of inflaton oscillations, the energy loss into particles is initially negligible compared to the energy loss due to the expansion of space. It is only once the Hubble expansion rate decreases to a value comparable to Γ that χ particle production becomes effective. It is the energy density at the time when H = Γ which determines how much energy ends up in χ particles and thus determines the "reheating temperature", the temperature of the SM fields after energy transfer.
Since Γ is proportional to the square of the coupling constant g which is generally very small, perturbative reheating is slow and produces a reheating temperature which can be very low compared to the energy scale at which inflation takes place. There are two main problems with the perturbative decay analysis described above. First of all, even if the inflaton decay were perturbative, it is not justified to use the heuristic equation (105) since it violates the fluctuationdissipation theorem: in systems with dissipation, there are always fluctuations, and these are missing in (105) . For an improved effective equation of motion see e.g. [94] .
The main problem with the perturbative analysis is that it does not take into account the coherent nature of the inflaton field ϕ. At the beginning of the period of oscillations ϕ is not a superposition of free asymptotic single inflaton states, but rather a coherently oscillating homogeneous field. The large amplitude of oscillation implies that it is well justified to treat the inflaton classically. However, the matter fields can be assumed to start off in their vacuum state (the red-shifting during the period of inflation will remove any matter particles present at the beginning of inflation). Thus, matter fields χ must be treated quantum mechanically. The improved approach to reheating initiated in [89] (see also [95] ) is to consider reheating as a quantum production of χ particles in a classical ϕ background.
We expand the field χ is terms of the usual creation and annihilation operators. The mode functions satisfy the equation
where Φ(t) is the amplitude of oscillation of ϕ.
The first level of approximation [89] is to neglect the expansion of space, to estimate the efficiency of reheating in this approximation, and to check self-consistency of the approximation. The equation (107) then reduces tö
and Φ(t) is constant. The equation is the Mathieu equation [96] which is conventionally written in the form
where we have introduced the dimensionless time variable z = mt and a prime now denotes the derivative with respect to z. Comparing the coefficients, we see that
The equation (109) describes parametric resonance in classical mechanics. From the examples in classical mechanics in which this equation arises we know that there are bands of k values (depending on the frequency m of the external source) which exhibit exponential instability. For the general theory of the Mathieu equation the reader is referred to [96] . For values of k in a resonance band, the growth of χ k can be written as
where µ k is called the Floquet exponent. In the model we are considering in this subsection, resonance occurs for all long wavelength modes -roughly speaking all modes with
This is called broad-band resonance [90, 92] . The Floquet exponent is of order 1, and this implies very efficient energy transfer from the coherently oscillating inflaton field to a gas of χ particles. This initial stage of energy transfer is called preheating. The time scale of the energy transfer is short compared to the cosmological time scale H −1 at the end of inflation [89] . Hence, the approximation of neglecting the expansion of space is self-consistent.
It is possible to perform an improved analysis which keeps track of the expansion of space. The first step [92] is to rescale the field variable to extract the cosmological red-shifting
and to work in terms of conformal time. The field X k obeys an equation without cosmological damping term which is very similar to (109) , except that the oscillatory correction term to the mass is replaced by a more general periodic function of the conformal time η. The Floquet theory of [96] also applies to the resulting equation, and we reach the conclusion that the exponential instability of χ (modulated by a(t)) persists when including the effects of the expansion of space. For details the reader is referred to [92] or to the recent review [93] .
Preheating of Metric Perturbations
A parametric resonance instability should be expected for all fields which couple to the oscillating inflaton condensate. In particular, metric fluctuations should also be effected. As was shown in [53] , there is no parametric resonance instability for long wavelength modes in the case of purely adiabatic perturbations (see also [37] ). However, in the presence of entropy fluctuations, parametric amplification of cosmological perturbations driven by the oscillating inflaton condensate is possible [56, 57] (see also [97] ).
To study the preheating of metric fluctuations, we refer back to the formalism of cosmological perturbations developed in Subsection (II C 4). In the presence of an entropy perturbation δS, the "conservation" equation (62) for the variable ζ (which describes the curvature perturbation in comoving gauge) gets replaced bẏ
If long wavelength fluctuations of a matter field χ which coupled to the inflaton ϕ (χ corresponds to an entropy mode) undergo exponential growth during reheating as they do in the case of a model with broad parametric resonance, then this will induce an exponential growth of δS which will via (114) induce an exponentially growing curvature perturbation.
For an elegant formalism to compute the source term in (114) in terms of the scalar fields ϕ and χ the reader is referred to [98] . This resonant growth of entropy fluctuations is only important in models in which the entropy fluctuations are not suppressed during inflation. Some recent examples were studied in [99, 100] . The source for this instability need not be the oscillations of the inflaton field. In SUSY models, the decay of flat directions can also induce this instability [101] .
Effects of Noise on Reheating
The author of these lecture notes at some point became worried that noise effects might eliminate the parametric resonance instability during reheating. One source of noise is the quantum fluctuations in the inflaton ϕ which might lead to non-periodic corrections to the fluctuating mass term which drives the resonance. However, under specific assumptions on the properties of the noise (the most important of these being that there are no correlations in the noise between different oscillation periods of the background) it was shown [102, 103] that the presence of the noise increases the efficiency of the resonance.
The analysis of [102, 103] is based on mapping the question into a problem in random matrix theory. The matrices involved are the transfer matrices in phase space corresponding to the dynamical system. Making use of a theorem in random matrix theory called the "Furstenberg Theorem" it can be shown that for each mode k, the Floquet exponent µ k in the presence of noise is strictly larger than in the absence of noise. This implies that the stability bands for the dynamical system disappear. Mapping this classical dynamical systems problem into a time-independent one-dimensional non-relativistic quantum mechanics problem via the standard correspondence yields a new proof of Anderson localization in one space dimension [104] .
E. Problems of Inflation
In spite of the phenomenological success of the inflationary paradigm, conventional scalar field-driven inflation suffers from several important conceptual problems.
The first problem concern the nature of the inflaton, the scalar field which generates the inflationary expansion. No particle corresponding to the excitation of a scalar field has yet been observed in nature, and the Higgs field which is introduced to give elementary particles masses in the Standard Model of particle physics does not have the required flatness of the potential to yield inflation, unless it is non-minimally coupled to gravity [105] . In particle physics theories beyond the Standard Model there are often many scalar fields, but it is in general very hard to obtain the required flatness properties on the potential
The second problem (the amplitude problem) relates to the amplitude of the spectrum of cosmological perturbations. In a wide class of inflationary models, obtaining the correct amplitude requires the introduction of a hierarchy in scales, namely [106] 
where ∆ϕ is the change in the inflaton field during the minimal length of the inflationary period, and V (ϕ) is the potential energy during inflation. A more serious problem is the trans-Planckian problem [107] . Returning to the space-time diagram of inflation (see Figure 10) , we can immediately deduce that, provided that the period of inflation lasted sufficiently long (for GUT scale inflation the number is about 70 e-foldings), then all scales inside the Hubble radius today started out with a physical wavelength smaller than the Planck scale at the beginning of inflation. Now, the theory of cosmological perturbations is based on Einstein's theory of General Relativity coupled to a simple semi-classical description of matter. It is clear that these building blocks of the theory are inapplicable on scales comparable and smaller than the Planck scale. Thus, the key successful prediction of inflation (the theory of the origin of fluctuations) is based on suspect calculations since new physics must enter into a correct computation of the spectrum of cosmological perturbations. The key question is as to whether the predictions obtained using the current theory are sensitive to the specifics of the unknown theory which takes over on small scales.
One approach to study the sensitivity of the usual predictions of inflationary cosmology to the unknown physics on trans-Planckian scales is to study toy models of ultraviolet physics which allow explicit calculations. The first approach which was used [108, 109] is to replace the usual linear dispersion relation for the Fourier modes of the fluctuations by a modified dispersion relation, a dispersion relation which is linear for physical wavenumbers smaller than the scale of new physics, but deviates on larger scales. Such dispersion relations were used previously to test the sensitivity of black hole radiation on the unknown physics of the UV [110, 111] . It was found [108] that if the evolution of modes on the trans-Planckian scales is non-adiabatic, then substantial deviations of the spectrum of fluctuations from the usual results are possible. Non-adiabatic evolution turns an initial state minimizing the energy density into a state which is excited once the wavelength becomes larger than the cutoff scale. Back-reaction effects of these excitations may limit the magnitude of the trans-Planckian effects if we assume that inflation took place [112] [113] [114] . On the other hand, large trans-Planckian effects may also prevent the onset of inflation.
A fourth problem is the singularity problem. It was known for a long time that standard Big Bang cosmology cannot be the complete story of the early universe because of the initial singularity, a singularity which is unavoidable when basing cosmology on Einstein's field equations in the presence of a matter source obeying the weak energy conditions (see e.g. [115] for a textbook discussion). Recently, the singularity theorems have been Figure 1 . Note, specifically, thatas long as the period of inflation lasts a couple of e-foldings longer than the minimal value required for inflation to address the problems of standard big bang cosmology -all wavelengths of cosmological interest to us today start out at the beginning of the period of inflation with a wavelength which is in the zone of ignorance.
generalized to apply to Einstein gravity coupled to scalar field matter, i.e. to scalar field-driven inflationary cosmology [116] . It was shown that, in this context, a past singularity at some point in space is unavoidable. Thus we know, from the outset, that scalar field-driven inflation cannot be the ultimate theory of the very early universe.
The Achilles heel of scalar field-driven inflationary cosmology may be the cosmological constant problem. We know from observations that the large quantum vacuum energy of field theories does not gravitate today. However, to obtain a period of inflation one is using the part of the energy-momentum tensor of the scalar field which looks like the vacuum energy. In the absence of a solution of the cosmological constant problem it is unclear whether scalar field-driven inflation is robust, i.e. whether the mechanism which renders the quantum vacuum energy gravitationally inert today will not also prevent the vacuum energy from gravitating during the period of slow-rolling of the inflaton field. Note that the approach to addressing the cosmological constant problem making use of the gravitational back-reaction of long range fluctuations (see [117] for a summary of this approach) does not prevent a long period of inflation in the early universe.
A final problem which we will mention here is the concern that the energy scale at which inflation takes place is too high to justify an effective field theory analysis based on Einstein gravity. In simple toy models of inflation, the energy scale during the period of inflation is about 10 16 GeV, very close to the string scale in many string models, and not too far from the Planck scale. Thus, correction terms in the effective action for matter and gravity may already be important at the energy scale of inflation, and the cosmological dynamics may be rather different from what is obtained when neglecting the correction terms.
In Figure 11 we show once again the space-time sketch of inflationary cosmology. In addition to the length scales which appear in the previous versions of this figure, we have now shaded the "zones of ignorance", zones where the Einstein gravity effective action is sure to break down. As described above, fluctuations emerge from the short distance zone of ignorance (except if the period of inflation is very short), and the energy scale of inflation might put the period of inflation too close to the high energy density zone of ignorance to trust the predictions based on using the Einstein action.
The arguments in this subsection provide a motivation for considering alternative scenarios of early universe cosmology. Below we will focus on two scenarios, the matter bounce and string gas cosmology. It is important to emphasize that these are not the only alternative scenarios. Others include the Pre-Big-Bang scenario [118] and the Ekpyrotic paradigm [119] .
IV. MATTER BOUNCE
The matter bounce scenario is a non-singular cosmology in which time runs from −∞ to +∞. Negative times correspond to a contracting phase, positive times to expansion. It is assumed that the bounce phase is short 9 .
As indicated in Figure 6 , the fluctuations which we observe today have exited the Hubble radius early in the contracting phase. The word matter in matter bounce should emphasize that we are assuming that the phase during which the fluctuations which we observe today are exiting the Hubble radius is dominated by cold pressureless matter. Viewing the contracting phase as the time reverse of the expanding phase we are living in, this last assumption we have made does not seem very restrictive. In fact, one could expect that some entropy is generated during the bounce, in which case the matter phase during Figure 1 . Note, specifically, thatas long as the period of inflation lasts a couple of e-foldings longer than the minimal value required for inflation to address the problems of standard big bang cosmology -all wavelengths of cosmological interest to us today start out at the beginning of the period of inflation with a wavelength which is in the zone of ignorance.
the contracting period would last up to higher energy densities than it does in the expanding phase.
A. Models for a Matter Bounce and Background Cosmology
It follows from the singularity theorems of General Relativity (see e.g. [115] ) that in order to obtain a nonsingular bounce we must either invoke matter which violates the weak energy condition, or go beyond General Relativity. A review of ways to obtain a non-singular cosmology is given in [19] . In the following we will only mention a few recent attempts which the author of these lecture notes has been involved in.
Introducing quintom matter [120] is a way of obtaining a non-singular bouncing cosmology, as discussed in [18] . Quintom matter is a set of two matter fields, one of them regular matter (obeying the weak energy condition), the second a field with opposite sign kinetic term, a field which violates the energy conditions. We can [18] model both matter components with scalar fields. Let us denote the mass of the regular one (ϕ) by m, and by M that of the fieldφ with wrong sign kinetic term. We assume that early in the contracting phase both fields are oscillating, but that the amplitude A of ϕ greatly exceeds the corresponding amplitudeÃ ofφ such that the energy density is dominated by ϕ. Both fields will initially be oscillating during the contracting phase, and both amplitudes grow at the same rate. At some point, A will become so large that the oscillations of ϕ freeze out 10 . Then, A will grow only slowly, whereasÃ will continue to increase. Thus, the (negative) energy density inφ will grow in absolute values relative to that of ϕ. The total energy density will decrease towards 0. At that point, H = 0 by the Friedmann equations. It can in fact easily be seen thatḢ > 0 when H = 0. Hence, a non-singular bounce occurs. The Higgs sector of the Lee-Wick model [121] provides a concrete realization of the quintom bounce model, as studied in [24] . Quintom models like all other models with negative sign kinetic terms suffer from an instability problem [122] in the matter sector and are hence problematic.
Turning to the second way of obtaining a non-singular bounce, namely by modifying the gravitational action, we should emphasize that modifications of the gravitational action are expected at the high densities at which the bounce will occur. Concrete examples were already mentioned in the Introduction: the higher derivative Lagrangian resulting from the nonsingular universe construction of [16] , the model of [15] which is based on a non-local higher derivative action which is ghost-free about Minkowski space-time, mirage cosmologies [123] resulting from the effective action of gravity on a brane which is moving into and out of a high-curvature throat in a higher-dimensional space-time.
More recently, interest has focused on a non-singular bouncing cosmology which emerges from Horava-Lifshitz gravity [21] . As shown in [20] , if the spatial sections have a non-vanishing spatial curvature constant k, then the higher-derivative terms in the action will lead to terms in the Friedmann equations which act as ghost radiation and ghost anisotropic stress, i.e. terms of gravitational origin and negative effective energy density which scale as a −4 and a −6 , respectively. Starting with a contracting universe dominated by regular matter, eventually the ghost terms will catch up and yield a non-singular bounce in analogy to how the ghost matter in the quintom model does.
The analysis of the spectrum of cosmological perturbations on scales of current observational interest is, however, independent of the details of the bouncing phase, as long as that phase is short compared to the time it takes light to travel over the length scales of current interest. We now turn to a discussion of the evolution of fluctuations in a generic matter bounce model.
B. Fluctuations in a Matter Bounce
The equation of motion for the Fourier mode v k of v is
If the equation of state of the background is timeindependent, then z ∼ a and hence the negative square mass term in (116) is H 2 . Thus, on length scales smaller than the Hubble radius, the solutions of (116) are oscillating, whereas on larger scales they are frozen in, and their amplitude depends on the time evolution of z.
In the case of an expanding universe the dominant mode of v scales as z. However, in a contracting universe it is the second of the two modes which dominates. If the contracting phase is matter-dominated, i.e. a(t) ∼ t and hence
where c 1 and c 2 are constants. The c 1 mode is the mode for which ζ is constant on super-Hubble scales. However, in a contracting universe it is the c 2 mode which dominates and leads to a scale-invariant spectrum [12] [13] [14] :
where we have made use of the scaling of the dominant mode of v k , the Hubble radius crossing condition η H (k) ∼ k −1 , and the assumption that we have a vacuum spectrum at Hubble radius crossing.
Up to this point, the analysis shows that in the contracting phase the curvature fluctuations are scaleinvariant. In non-singular bouncing cosmologies, the fluctuations can be followed in an unambiguous way through the bounce. This was done in the case of the higher derivative bounce model of [15] in [22] , and in a nonsingular bouncing mirage cosmology model the analysis was performed in [17] . In the case of the Quintom and Lee-Wick bounces, respectively, the fluctuations were followed through the bounce in [23] and [24] , respectively. Finally, in the case of the HL bounce, the evolution of the fluctuations through the bounce was recently studied in [25] .
The equations of motion can be solved numerically without approximation. Alternatively, we can solve them approximately using analytical techniques. Key to the analytical analysis are the General Relativistic matching conditions for fluctuations across a phase transition in the background [124, 125] . These conditions imply that both Φ andζ are conserved at the bounce, wherẽ
However, as stressed in [126] , these matching conditions can only be used at a transition when the background metric obeys the matching conditions. This is not the case if we were to match directly between the contracting matter phase and the expanding matter phase.
In the case of a non-singular bounce we have three phases: the initial contracting phase with a fixed equation of state (e.g. w = 0), a bounce phase during which the universe smoothly transits between contraction and expansion, and finally the expanding phase with constant w. We need to apply the matching conditions twice: first at the transition between the contracting phase and the bounce phase (on both sides of the matching surface the universe is contracting), and then between the bouncing phase and the expanding phase. The bottom line of the studies of [17, [22] [23] [24] [25] is that on length scales large compared to the time of the bounce, the spectrum of curvature fluctuations is not changed during the bounce phase. Since typically the bounce time is set by a microphysical scale whereas the wavelength of fluctuations which we observe today is macroscopic (about 1mm if the bounce scale is set by the particle physics GUT scale), we conclude that for scales relevant to current observations the spectrum is unchanged during the bounce. This completes the demonstration that a non-singular matter bounce leads to a scale-invariant spectrum of cosmological perturbations after the bounce provided that the initial spectrum on sub-Hubble scales is vacuum. Initial thermal fluctuations were followed through the bounce in [26] . Note that perturbations are processed during a bounce and this implies that even if the background cosmology were cyclic, the full evolution including linear fluctuations would be non-cyclic [31] .
C. Key Predictions of the Matter Bounce
Canonical single field inflation models predict very small non-Gaussianities in the spectrum of fluctuations. One way to characterize the non-Gaussianities is via the three point function of the curvature fluctuation, also called the "bispectrum". As realized in [127] , the bispectrum induced in the matter bounce scenario has an amplitude which is at the borderline of what the Planck satellite experiment will be able to detect, and it has a special form. These are specific predictions of the matter bounce scenario with which the matter bounce scenario can be distinguished from those of standard inflationary models (see [128] for a recent detailed review of nonGaussianities in inflationary cosmology and a list of references). In the following we give a very brief summary of the analysis of non-Gaussianities in the matter bounce scenario.
Non-Gaussianities are induced in any cosmological model simply because the Einstein equations are nonlinear. In momentum space, the bispectrum contains amplitude and shape information. The bispectrum is a function of the three momenta. Momentum conserva-tion implies that the three momenta have to add up to zero. However, this still leaves a rich shape information in the bispectrum in addition to the information about the overall amplitude.
A formalism to compute the non-Gaussianities for the curvature fluctuation variable ζ was developed in [129] . Working in the interaction representation, the threepoint function of ζ is given to leading order by
where t i corresponds to the initial time before which there are any non-Gaussianities. The square parentheses indicate the commutator, and L int is the interaction Lagrangian The interaction Lagrangian contains many terms. In particular, there are terms containing the time derivative of ζ. Each term leads to a particular shape of the bispectrum. In an expanding universe such as in inflationary cosmologyζ = 0. However, in a contracting phase the time derivative of ζ does not vanish since the dominant mode is growing in time. Hence, there are new contributions to the shape which have a very different form from the shape of the terms which appear in inflationary cosmology. The larger value of the amplitude of the bispectrum follows again from the fact that there is a mode function which grows in time in the contracting phase.
The three-point function can be expressed in the following general form:
where k i = | k i | and A is the shape function. In this expression we have factored out the dependence on the power spectrum P ζ . In inflationary cosmology it has become usual to express the bispectrum in terms of a nonGaussianity parameter f N L . However, this is only useful if the shape of the three point function is known. As a generalization, we here use [127] 
The computation of the bispectrum is tedious. In the case of the matter bounce (no entropy fluctuations) the result is
This equation describes the shape which is predicted. Some of the terms (such as the last two) are the same as those which occur in single field slow-roll inflation, but the others are new. Note, in particular, that the new terms are not negligible. If we project the resulting shape function A onto some popular shape masks we
for the local shape (k 1 ≪ k 2 = k 3 ). This is negative and of order O(1). For the equilateral form (
and for the folded form (k 1 = 2k 2 = 2k 3 ) one obtains the value
These amplitudes are close to what the Planck CMB satellite experiment will be able to detect. The matter bounce scenario also predicts a change in the slope of the primordial power spectrum on small scales [130] : scales which exit the Hubble radius in the radiation phase retain a blue spectrum since the squeezing rate on scales larger than the Hubble radius is insufficient to give longer wavelength modes a sufficient boost relative to the shorter wavelength ones.
D. Problems of the Matter Bounce
The main problem of the matter bounce scenario is that the physics which yields the non-singular bounce is not (yet) well established. It is clearly required to go beyond conventional quantum field theory coupled to General Relativity to obtain such a bounce. New Planckscale physics needs to be invoked to obtain the required background cosmology. We remind the reader that it is precisely the absence of such new physics which needs to be invoked to argue for an inflationary background evolution.
In terms of the trans-Planckian problem for cosmological fluctuations, the bouncing cosmology has a clear advantage: the wavelength of the fluctuations which we are interested in always remains in the far infrared compared to the ultraviolet scales of the new physics. It can be shown that the correction terms due to the new ultraviolet physics on the evolution of fluctuations of interest to observers are negligible (see e.g. [25] ).
The second main problem of the matter bounce scenario may be the sensitivity of the bounce to assumptions on the initial conditions in the far past. The amplitude of the classical initial fluctuations must be small in order for the homogeneous background dynamics not to be perturbed, and for the vacuum fluctuations to dominate on the scales relevant in the infrared (see e.g. [131] for a criticism of initial conditions in a related scenario, the Pre-Big-Bang scenario). In addition, the initial shear must be very small (in some bouncing cosmology backgrounds the bouncing solution is unstable to the smallest addition of shear. This, however, is not the case in other models such as the Horava-Lifshitz bounce).
The matter bounce scenario does not address the cosmological constant problem, but on the other hand the scenario does not depend on how the cosmological constant problem is solved. Note that inflationary cosmology is NOT robust in this respect.
V. STRING GAS COSMOLOGY
Another scenario of early universe cosmology which can provide an explanation for the current data is string gas cosmology. It is an "emergent universe" [132] scenario in which the universe begins in a long hot and almost static phase. The key input from string theory is that matter is a gas of closed fundamental strings compared to a gas of point particles as is assumed in Standard Big Bang cosmology.
A. Principles and Background
Principles
String theory may be the best candidate we have at the present time for a quantum theory of gravity which unifies all four forces of nature. This theory is, however, currently not yet well understood beyond perturbation theory 11 . For applications to early universe cosmology, however, a non-perturbative understanding will be essential.
In the absence of a non-perturbative formulation of string theory, the approach to string cosmology which we have suggested, string gas cosmology [27] (see also [28] , and [10, 134, 135] for reviews and more complete list of references), is to focus on symmetries and degrees of freedom which are new to string theory (compared to point particle theories) and which will be part of any nonperturbative string theory, and to use them to develop a new cosmology. The symmetry we make use of is Tduality, and the new degrees of freedom are the string oscillatory modes and the string winding modes.
String gas cosmology is based on coupling a classical background which includes the graviton and the dilaton fields to a gas of closed strings (and possibly other basic degrees of freedom of string theory such as "branes" [136] ). All dimensions of space are taken to be compact, for reasons which will become clear later. For simplicity, we take all spatial directions to be toroidal and denote the radius of the torus by R. Strings have three types of states: momentum modes which represent the center of mass motion of the string, oscillatory modes which represent the fluctuations of the strings, and winding modes counting the number of times a string wraps the torus.
Since the number of string oscillatory states increases exponentially with energy, there is a limiting temperature for a gas of strings in thermal equilibrium, the Hagedorn temperature [29] T H . Thus, if we take a box of strings and adiabatically decrease the box size, the temperature will never diverge. This is the first indication that string theory has the potential to resolve the cosmological singularity problem.
The second key feature of string theory upon which string gas cosmology is based is T-duality. To introduce this symmetry, let us discuss the radius dependence of the energy of the basic string states: The energy of an oscillatory mode is independent of R, momentum mode energies are quantized in units of 1/R, i.e.
where l s is the string length and µ is the mass per unit length of a string. The winding mode energies are quantized in units of R, i.e.
where both n and m are integers. Thus, a new symmetry of the spectrum of string states emerges: Under the change
in the radius of the torus (in units of l s ) the energy spectrum of string states is invariant if winding and momentum quantum numbers are interchanged
The above symmetry is the simplest element of a larger symmetry group, the T-duality symmetry group which in general also mixes fluxes and geometry. The string vertex operators are consistent with this symmetry, and thus T-duality is a symmetry of perturbative string theory. Postulating that T-duality extends to non-perturbative string theory leads [137] to the need of adding D-branes to the list of fundamental objects in string theory. With this addition, T-duality is expected to be a symmetry of non-perturbative string theory. Specifically, T-duality will take a spectrum of stable Type IIA branes and map it into a corresponding spectrum of stable Type IIB branes with identical masses [138] . As discussed in [27] , the above T-duality symmetry leads to an equivalence between small and large spaces, an equivalence elaborated on further in [139, 140] . The range of values of R for which the temperature is close to the Hagedorn temperature TH depends on the total entropy of the universe. The upper of the two curves corresponds to a universe with larger entropy.
Background Cosmology
That string gas cosmology will lead to a dynamical evolution of the early universe very different from what is obtained in standard and inflationary cosmology can already be seen by combining the basic ingredients from string theory discussed in the previous subsection. As the radius of a box of strings decreases from an initially very large value -maintaining thermal equilibrium -, the temperature first rises as in standard cosmology since the string states which are occupied (the momentum modes) get heavier. However, as the temperature approaches the Hagedorn temperature, the energy begins to flow into the oscillatory modes and the increase in temperature levels off. As the radius R decreases below the string scale, the temperature begins to decrease as the energy begins to flow into the winding modes whose energy decreases as R decreases (see Figure 12) . Thus, as argued in [27] , the temperature singularity of early universe cosmology should be resolved in string gas cosmology.
The equations that govern the background of string gas cosmology are not known. The Einstein equations are not the correct equations since they do not obey the T-duality symmetry of string theory. Many early studies of string gas cosmology were based on using the dilaton gravity equations [141] [142] [143] . However, these equations are not satisfactory, either. Firstly, we expect that string theory correction terms to the low energy effective action of string theory become dominant in the Hagedorn phase. Secondly, the dilaton gravity equations yield a rapidly changing dilaton during the Hagedorn phase (in the string frame). Once the dilaton becomes large, it becomes inconsistent to focus on fundamental string states rather than brane states. In other words, using dilaton The dynamics of string gas cosmology. The vertical axis represents the scale factor of the universe, the horizontal axis is time. Along the horizontal axis, the approximate equation of state is also indicated. During the Hagedorn phase the pressure is negligible due to the cancellation between the positive pressure of the momentum modes and the negative pressure of the winding modes, after time tR the equation of state is that of a radiation-dominated universe.
gravity as a background for string gas cosmology does not correctly reflect the S-duality symmetry of string theory. Recently, a background for string gas cosmology including a rolling tachyon was proposed [144] which allows a background in the Hagedorn phase with constant scale factor and constant dilaton. Another study of this problem was given in [145] . Some conclusions about the time-temperature relation in string gas cosmology can be derived based on thermodynamical considerations alone. One possibility is that R starts out much smaller than the self-dual value and increases monotonically. From Figure 12 it then follows that the time-temperature curve will correspond to that of a bouncing cosmology. Alternatively, it is possible that the universe starts out in a meta-stable state near the Hagedorn temperature, the Hagedorn phase, and then smoothly evolves into an expanding phase dominated by radiation like in standard cosmology ( Figure 13 ). Note that we are assuming that not only the scale factor but also the dilaton is constant in time.
The transition between the quasi-static Hagedorn phase and the radiation phase at the time t R is a consequence of the annihilation of string winding modes into string loops (see Figure 14) . Since this process corresponds to the production of radiation, we denote this time by the same symbol t R as the time of reheating in inflationary cosmology. As pointed out in [27] , this annihilation process only is possible in at most three large spatial dimensions. This is a simple dimension counting argument: string world sheets have measure zero intersection probability in more than four large space-time dimensions. Hence, string gas cosmology may provide a natural mechanism for explaining why there are exactly three large spatial dimensions. This argument was supported by numerical studies of string evolution in three and four spatial dimensions [146] (see also [147] ). The flow of energy from winding modes to string loops can be modelled by effective Boltzmann equations [148] analogous to those used to describe the flow of energy between infinite cosmic strings and cosmic string loops (see e.g. [85] [86] [87] for reviews).
Several comments are in place concerning the above mechanism. First, in the analysis of [148] it was assumed that the string interaction rates were time-independent. If the dynamics of the Hagedorn phase is modelled by dilaton gravity, the dilaton is rapidly changing during the phase in which the string frame scale factor is static. As discussed in [149, 150] (see also [151] ), in this case the mechanism which tells us that exactly three spatial dimensions become macroscopic does not work. Another comment concerns the isotropy of the three large dimensions. In contrast to the situation in Standard cosmology, in string gas cosmology the anisotropy decreases in the expanding phase [152] . Thus, there is a natural isotropization mechanism for the three large spatial dimensions.
Moduli Stabilization
In the following, we shall assume that either the mechanism of [27] for setting in motion the preferential expansion of exactly three spatial dimensions works, or, alternatively, that three dimensions are distinguished from the beginning as being large. In either case, we must address the moduli stabilization problem, i.e. we must show that the radii (radions) and shapes of the extra dimensions are stabilized. This is a major challenge in string-motivated field theory models of higher dimensions. The situation in string gas cosmology is much better in comparison: all moduli except for the dilaton are stabilized without the need of introducing extra ingredients such as fluxes or special non-perturbative effects.
Radion stabilization in the string frame was initially studied in [153] . The basic idea is that the winding modes about the extra spatial dimensions provide a confining force which prevents the radii from increasing whereas the momentum modes provide a force which resists the complete contraction. Thus, there will be a stable minimum of the effective potential for the radion.
In order to make contact with late time cosmology, it is important to consider the issue of radion stabilization when the dilaton is frozen, or, more generally, in the Einstein frame. As was discussed in [154, 155] (see also earlier comments in [153] ), the existence of string modes which are massless at the self-dual radius is crucial in obtaining radion stabilization in the Einstein frame (for more general studies of the importance of massless modes in string cosmology see [156, 157] ). Such massless modes do not exist in all known string theories. They exist in the Heterotic theory, but not in Type II theories [137] . The following discussion is taken from [158] .
Let us consider the equations of motion which arise from coupling the Einstein action to a string gas. In the anisotropic setting when the metric is taken to be
where the y α are the internal coordinates, the equation of motion for b α becomes
where µ m,n is the number density of (m, n) strings, ǫ m,n is the energy of an individual (m, n) string, and g is the determinant of the metric. The source term S depends on the quantum numbers of the string gas, and the sum runs over all momentum and winding number vectors m and n, respectively (note that n and m are six-vectors, one component for each internal dimension). If the number of right-moving oscillator modes is given by N , then the source term for fixed m and n vectors is
To obtain this equation, we have made use of the mass spectrum of string states and of the level matching conditions. In the case of the bosonic superstring, the mass M of a string state with fixed m, n, N andÑ , where N andÑ are the number of right-and left-moving oscillator states, on a six-dimensional torus whose radii are given by b α is
and the level matching condition reads
where (n, m) indicates the scalar product of n and m in the trivial metric.
There are modes which are massless at the self-dual radius b α = 1. One such mode is the graviton with n = m = 0 and N = 1. The modes of interest to us are modes which contain winding and momentum, namely
• N = 1, (m, m) = 1, (m, n) = −1 and (n, n) = 1;
• N = 0, (m, m) = 1, (m, n) = 1 and (n, n) = 1;
• N = 0 (m, m) = 2, (m, n) = 0 and (n, n) = 2.
Note that these modes survive in the Heterotic string theory, but do not survive the GSO [137] truncation in Type II string theories.
In string theories which admit massless states (i.e. states which are massless at the self-dual radius), these states will dominate the initial partition function. The background dynamics will then also be dominated by these states. To understand the effect of these strings, consider the equation of motion (132) with the source term (133) . The first two terms in the source term correspond to an effective potential with a stable minimum at the self-dual radius. However, if the third term in the source does not vanish at the self-dual radius, it will lead to a positive potential which causes the radion to increase. Thus, a condition for the stabilization of b α at the self-dual radius is that the third term in (133) vanishes at the self-dual radius. This is the case if and only if the string state is a massless mode.
The massless modes have other nice features which are explored in detail in [155] . They act as radiation from the point of view of our three large dimensions and hence do not lead to a over-abundance problem. As our three spatial dimensions grow, the potential which confines the radion becomes shallower. However, rather surprisingly, it turns out the the potential remains steep enough to avoid fifth force constraints.
In the presence of massless string states, the shape moduli also can be stabilized, at least in the simple toroidal backgrounds considered so far [159] . To study this issue, we consider a metric of the form
where the metric of the internal space (here for simplicity considered to be a two-dimensional torus) contains a shape modulus, the angle between the two cycles of the torus:
and
where θ = 0 corresponds to a rectangular torus. The ratio between the two toroidal radii is a second shape modulus. However, from the discussion of the previous subsection we already know that each radion individually is stabilized at the self-dual radius. Thus, the shape modulus corresponding to the ratio of the toroidal radii is fixed, and the angle is the only shape modulus which is yet to be considered. Combining the 00 and the 12 Einstein equations, we obtain a harmonic oscillator equation for θ with θ = 0 as the stable fixed point.
where K is a constant whose value depends on the quantum numbers of the string gas. In the case of an expanding three-dimensional space we would have obtained an additional damping term in the above equation of motion. We thus conclude that the shape modulus is dynamically stabilized at a value which maximizes the area to circumference ratio. The only modulus which is not stabilized by string winding and momentum modes is the dilaton. Recently, it has been show [160] that a gaugino condensation mechanism (similar to those used in string inflation model building) can be introduced which generates a stabilizing potential for the dilaton without interfering with the radion stabilization force provided by the string winding and momentum modes.
In the next subsection we turn to the predictions of string gas cosmology for observations. These predictions do not depend on the details of the theory, but only on three inputs. The first is the existence of a quasi-static initial phase in thermal equilibrium. The second condition is the applicability of the Einstein field equations for fluctuations on infrared scales (scales of the order of 1mm), many orders of magnitude larger than the string scale, and the third is a holographic scaling of the specific heat capacity. The role of the last condition will become manifest below.
B. Fluctuations in String Gas Cosmology
Overview
At the outset of this section, let us recall the mechanism by which inflationary cosmology leads to the possibility of a causal generation mechanism for cosmological fluctuations which yields an almost scale-invariant spectrum of perturbations. The space-time diagram of inflationary cosmology is sketched in Figure 5 .
During the period of inflation, the Hubble radius
is approximately constant. In contrast, the physical length of a fixed co-moving scale (labelled by k in the figure) is expanding exponentially. In this way, in inflationary cosmology scales which have microscopic sub-Hubble wavelengths at the beginning of inflation are red-shifted to become super-Hubble-scale fluctuations at the end of the period of inflation. After inflation, the Hubble radius increases linearly in time, faster than the physical wavelength corresponding to a fixed co-moving scale. Thus, scales re-enter the Hubble radius at late times. Since inflation red-shifts any classical fluctuations which might have been present at the beginning of the inflationary phase, fluctuations in inflationary cosmology are generated by quantum vacuum perturbations. The fluctuations begin in their quantum vacuum state at the onset of inflation. Once the wavelength exceeds the Hubble radius, squeezing of the wave-function of the fluctuations sets in (see [32, 33] ). This squeezing plus the de-coherence of the fluctuations due to the interaction between short and long wavelength modes generated by the intrinsic non-linearities in both the gravitational and matter sectors of the theory (see [69, 70] for recent discussions of this aspect and references to previous work) lead to the classicalization of the fluctuations on superHubble scales.
Let us now turn to the cosmological background of string gas cosmology represented in Figure 13 . This string gas cosmology background yields the space-time diagram sketched in Figure 15 . As in Figure 5 , the vertical axis is time and the horizontal axis denotes the physical distance. For times t < t R , we are in the static Hagedorn phase and the Hubble radius is infinite. For t > t R , the Einstein frame Hubble radius is expanding as in standard cosmology. The time t R is when the string winding modes begin to decay into string loops, and the scale factor starts to increase, leading to the transition to the radiation phase of standard cosmology.
Let us now compare the evolution of the physical wavelength corresponding to a fixed co-moving scale with that of the Einstein frame Hubble radius H −1 (t). The evolution of scales in string gas cosmology is identical to the evolution in standard and in inflationary cosmology for t > t R . If we follow the physical wavelength of the comoving scale which corresponds to the current Hubble radius back to the time t R , then -taking the Hagedorn temperature to be of the order 10
16 GeV -we obtain a length of about 1 mm. Compared to the string scale and the Planck scale, this is in the far infrared.
The physical wavelength is constant in the Hagedorn phase since space is static. But, as we enter the Hagedorn phase going back in time, the Hubble radius diverges to infinity. Hence, as in the case of inflationary cosmology, fluctuation modes begin sub-Hubble during the Hagedorn phase, and thus a causal generation mechanism for fluctuations is possible.
However, the physics of the generation mechanism is very different. In the case of inflationary cosmology, fluctuations are assumed to start as quantum vacuum perturbations because classical inhomogeneities are redshifting. In contrast, in the Hagedorn phase of string gas cosmology there is no red-shifting of classical matter. Hence, it is the fluctuations in the classical matter which dominate. Since classical matter is a string gas, the dominant fluctuations are string thermodynamic fluctuations.
Our proposal for string gas structure formation is the showing the evolution of fixed co-moving scales in string gas cosmology. The vertical axis is time, the horizontal axis is physical distance. The solid curve represents the Einstein frame Hubble radius H −1 which shrinks abruptly to a micro-physical scale at tR and then increases linearly in time for t > tR. Fixed co-moving scales (the dotted lines labeled by k1 and k2) which are currently probed in cosmological observations have wavelengths which are smaller than the Hubble radius before tR. They exit the Hubble radius at times ti(k) just prior to tR, and propagate with a wavelength larger than the Hubble radius until they reenter the Hubble radius at times t f (k).
following [30] (see [161] for a more detailed description). For a fixed co-moving scale with wavenumber k we compute the matter fluctuations while the scale in sub-Hubble (and therefore gravitational effects are subdominant). When the scale exits the Hubble radius at time t i (k) we use the gravitational constraint equations to determine the induced metric fluctuations, which are then propagated to late times using the usual equations of gravitational perturbation theory. Since the scales we are interested in are in the far infrared, we use the Einstein constraint equations for fluctuations.
Spectrum of Cosmological Fluctuations
We write the metric including cosmological perturbations (scalar metric fluctuations) and gravitational waves in the following form (using conformal time η)
We have fixed the gauge (i.e. coordinate) freedom for the scalar metric perturbations by adopting the longitudinal gauge and we have taken matter to be free of anisotropic stress. The spatial tensor h ij (x, t) is transverse and traceless and represents the gravitational waves.
Note that in contrast to the case of slow-roll inflation, scalar metric fluctuations and gravitational waves are generated by matter at the same order in cosmological perturbation theory. This could lead to the expectation that the amplitude of gravitational waves in string gas cosmology should be generically larger than in inflationary cosmology. This expectation, however, is not realized [162] since there is a different mechanism which suppresses the gravitational waves relative to the density perturbations (namely the fact that the gravitational wave amplitude is set by the amplitude of the pressure, and the pressure is suppressed relative to the energy density in the Hagedorn phase).
Assuming that the fluctuations are described by the perturbed Einstein equations (they are not if the dilaton is not fixed [163, 164] ), then the spectra of cosmological perturbations Φ and gravitational waves h are given by the energy-momentum fluctuations in the following way [161] 
where the pointed brackets indicate expectation values, and
where on the right hand side of (143) we mean the average over the correlation functions with i = j, and h is the amplitude of the gravitational waves 12 . Let us now use (142) to determine the spectrum of scalar metric fluctuations. We first calculate the root mean square energy density fluctuations in a sphere of radius R = k −1 . For a system in thermal equilibrium they are given by the specific heat capacity C V via
The specific heat of a gas of closed strings on a torus of radius R can be derived from the partition function of a 12 The gravitational wave tensor h ij can be written as the amplitude h multiplied by a constant polarization tensor.
gas of closed strings. This computation was carried out in [165] with the result
The specific heat capacity scales holographically with the size of the box. This result follows rigorously from evaluating the string partition function in the Hagedorn phase. The result, however, can also be understood heuristically: in the Hagedorn phase the string winding modes are crucial. These modes look like point particles in one less spatial dimension. Hence, we expect the specific heat capacity to scale like in the case of point particles in one less dimension of space 13 . With these results, the power spectrum P (k) of scalar metric fluctuations can be evaluated as follows
where in the first step we have used (142) to replace the expectation value of |Φ(k)| 2 in terms of the correlation function of the energy density, and in the second step we have made the transition to position space The first conclusion from the result (146) is that the spectrum is approximately scale-invariant (P (k) is independent of k). It is the 'holographic' scaling C V (R) ∼ R 2 which is responsible for the overall scale-invariance of the spectrum of cosmological perturbations. However, there is a small k dependence which comes from the fact that in the above equation for a scale k the temperature T is to be evaluated at the time t i (k). Thus, the factor (1 − T /T H ) in the denominator is responsible for giving the spectrum a slight dependence on k. Since the temperature slightly decreases as time increases at the end of the Hagedorn phase, shorter wavelengths for which t i (k) occurs later obtain a smaller amplitude. Thus, the spectrum has a slight red tilt.
Key Prediction of String Gas Cosmology
As discovered in [162] , the spectrum of gravitational waves is also nearly scale invariant. However, in the expression for the spectrum of gravitational waves the 13 We emphasize that it was important for us to have compact spatial dimensions in order to obtain the winding modes which are crucial to get the holographic scaling of the thermodynamic quantities.
factor (1 − T /T H ) appears in the numerator, thus leading to a slight blue tilt in the spectrum. This is a prediction with which the cosmological effects of string gas cosmology can be distinguished from those of inflationary cosmology, where quite generically a slight red tilt for gravitational waves results. The physical reason is that large scales exit the Hubble radius earlier when the pressure and hence also the off-diagonal spatial components of T µν are closer to zero. Let us analyze this issue in a bit more detail and estimate the dimensionless power spectrum of gravitational waves. First, we make some general comments. In slow-roll inflation, to leading order in perturbation theory matter fluctuations do not couple to tensor modes. This is due to the fact that the matter background field is slowly evolving in time and the leading order gravitational fluctuations are linear in the matter fluctuations. In our case, the background is not evolving (at least at the level of our computations), and hence the dominant metric fluctuations are quadratic in the matter field fluctuations. At this level, matter fluctuations induce both scalar and tensor metric fluctuations. Based on this consideration we might expect that in our string gas cosmology scenario, the ratio of tensor to scalar metric fluctuations will be larger than in simple slow-roll inflationary models. However, since the amplitude h of the gravitational waves is proportional to the pressure, and the pressure is suppressed in the Hagedorn phase, the amplitude of the gravitational waves will also be small in string gas cosmology.
The method for calculating the spectrum of gravitational waves is similar to the procedure outlined in the last section for scalar metric fluctuations. For a mode with fixed co-moving wavenumber k, we compute the correlation function of the off-diagonal spatial elements of the string gas energy-momentum tensor at the time t i (k) when the mode exits the Hubble radius and use (143) to infer the amplitude of the power spectrum of gravitational waves at that time. We then follow the evolution of the gravitational wave power spectrum on super-Hubble scales for t > t i (k) using the equations of general relativistic perturbation theory.
The power spectrum of the tensor modes is given by (143) :
for i = j. Note that the k 3 factor multiplying the momentum space correlation function of T i j gives the position space correlation function C i j i j (R) , namely the root mean square fluctuation of T i j in a region of radius R = k −1 (the reader who is skeptical about this point is invited to check that the dimensions work out properly). Thus,
The correlation function C i j i j on the right hand side of the above equation follows from the thermal closed string partition function and was computed explicitly in [166] (see also [10] ). We obtain
which, for temperatures close to the Hagedorn value reduces to
(150) This shows that the spectrum of tensor modes is -to a first approximation, namely neglecting the logarithmic factor and neglecting the k-dependence of T (t i (k)) -scale-invariant.
On super-Hubble scales, the amplitude h of the gravitational waves is constant. The wave oscillations freeze out when the wavelength of the mode crosses the Hubble radius. As in the case of scalar metric fluctuations, the waves are squeezed. Whereas the wave amplitude remains constant, its time derivative decreases. Another way to see this squeezing is to change variables to
in terms of which the action has canonical kinetic term. The action in terms of ψ becomes
from which it immediately follows that on super-Hubble scales ψ ∼ a. This is the squeezing of gravitational waves [71] .
Since there is no k-dependence in the squeezing factor, the scale-invariance of the spectrum at the end of the Hagedorn phase will lead to a scale-invariance of the spectrum at late times.
Note that in the case of string gas cosmology, the squeezing factor z(η) does not differ substantially from the squeezing factor a(η) for gravitational waves. In the case of inflationary cosmology, z(η) and a(η) differ greatly during reheating, leading to a much larger squeezing for scalar metric fluctuations, and hence to a suppressed tensor to scalar ratio of fluctuations. In the case of string gas cosmology, there is no difference in squeezing between the scalar and the tensor modes.
Let us return to the discussion of the spectrum of gravitational waves. The result for the power spectrum is given in (150) , and we mentioned that to a first approximation this corresponds to a scale-invariant spectrum. As realized in [162] , the logarithmic term and the kdependence of T (t i (k)) both lead to a small blue-tilt of the spectrum. This feature is characteristic of our scenario and cannot be reproduced in inflationary models. In inflationary models, the amplitude of the gravitational waves is set by the Hubble constant H. The Hubble constant cannot increase during inflation, and hence no blue tilt of the gravitational wave spectrum is possible.
A heuristic way of understanding the origin of the slight blue tilt in the spectrum of tensor modes is as follows. The closer we get to the Hagedorn temperature, the more the thermal bath is dominated by long string states, and thus the smaller the pressure will be compared to the pressure of a pure radiation bath. Since the pressure terms (strictly speaking the anisotropic pressure terms) in the energy-momentum tensor are responsible for the tensor modes, we conclude that the smaller the value of the wavenumber k (and thus the higher the temperature T (t i (k)) when the mode exits the Hubble radius, the lower the amplitude of the tensor modes. In contrast, the scalar modes are determined by the energy density, which increases at T (t i (k)) as k decreases, leading to a slight red tilt.
The reader may ask about the predictions of string gas cosmology for non-Gaussianities. The answer is [167] that the non-Gaussianities from the thermal string gas perturbations are Poisson-suppressed on scales larger than the thermal wavelength in the Hagedorn phase. However, if the spatial sections are initially large, then it is possible that a network of cosmic superstrings [168] will be left behind. These strings -if stable -would achieve a scaling solution (constant number of strings crossing each Hubble volume at each time [85] [86] [87] ). Such strings give rise to linear discontinuities in the CMB temperature maps [169] , lines which can be searched for using edge detection algorithms such as the Canny algorithm (see [170] for recent feasibility studies).
C. Problems of String Gas Cosmology
The main problem of the current implementation of string gas cosmology is that it does not provide a quantitative model for the Hagedorn phase. The criticisms of string gas cosmology raised in [164, 171] are based on assuming that dilaton gravity should be the background. However, as mentioned earlier, this is not a reasonable assumption since the coupling of string gas matter to dilaton gravity is not S-duality invariant. The quasi-static early Hagedorn phase should also have constant dilaton. In addition, we do not expect that at high densities such as the Hagedorn density an simple effective action such as that of dilaton gravity will apply. Nevertheless, to make the string gas cosmology scenario into a real theory, it is crucial to obtain a good understanding of the background dynamics. For some initial steps in this direction see [144] .
A second problem of string gas cosmology is the size problem (and the related entropy problem). If the string scale is about 10 17 GeV as is preferred in early heterotic superstring models, then the radius of the universe during the Hagedorn phase must be many orders of magnitude larger than the string scale. Without embedding string gas cosmology into a bouncing cosmology, it seems unnatural to demand such a large initial size. This problem disappears if the Hagedorn phase is preceded by a phase of contraction, as in the model of [172] . In this case, however, it is non-trivial to arrange that the Hagedorn phase lasts sufficiently long to maintain thermal equilibrium over the required range of scales.
It should be noted, however, that some of the conceptual problems of inflationary cosmology such as the trans-Planckian problem for fluctuations, do not arise in string gas cosmology. As in the case of the matter bounce scenario, the basic mechanism of the scenario is insensitive to what sets the cosmological constant to its observed very small value.
VI. CONCLUSIONS
The main messages of these lectures are the following:
• It is possible to explore physics of the very early universe using current cosmological observations. Given the large amount of new data which is expected over the next decade, early universe cosmology will be a vibrant field of research. The information about the very early universe is transferred to the current time mainly via imprints on the spectrum of cosmological fluctuations.
• The theory of cosmological fluctuations is the key tool of modern cosmology. It links current observations with early universe cosmology. The theory can be applied to any background cosmology, not just inflationary cosmology.
• The Hubble radius plays a key role in the evolution of fluctuations. On sub-Hubble scales the microphysical forces dominate, whereas on superHubble scales matter forces freeze out and gravity dominates. In order to have a causal mechanism of structure formation, it is therefore crucial that scales of current interest in cosmology originate at very early times inside the Hubble radius, and that they then propagate over an extended period of time on super-Hubble scales.
• Inflationary cosmology provides a mechanism to explain the origin of structure in the universe via causal physics, but it is not the only one. In these lectures we have presented two alternative scenarios, the "matter bounce" and "string gas cosmology".
• Inflationary cosmology was predictive: it predicted the detailed shape of the angular power spectrum of CMB anisotropies -more than 15 years before the observations. The challenge for alternative scenarios is to identify clean predictions with which the new scenarios can be distinguished from those of inflation. In the case of the matter bounce the prediction we have identified is a particular shape of the bispectrum, in the case of string gas cosmology the key prediction is a slight blue tilt in the spectrum of gravitational waves.
Inflationary cosmology has been under development for 30 years. The framework is based on Einstein gravity coupled to classical scalar field matter and is well established. However, when applied to early universe cosmology there are important conceptual problems which arise. In contrast, the "matter bounce" and "string gas" scenarios of structure formation are much more recent. They both must involve physics which goes beyond classical field theory coupled to Einstein gravity. To come up with a consistent model is a major challenge which has not yet been satisfactorily met. There is a lot of interesting work ahead of us.
